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waves. 
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Abstract. In this article, we first prove quantitative estimates associated to the unique continuation 
theorems for operators with partially analytic coefficients of Tataru [Tat95, Tat99b], Robbiano-Zuily [RZ98] 
and Hormander [H6r97]. We provide local stability estimates that can be propagated, leading to global 
ones. 

Then, we specify the previous results to the wave operator on a Riemannian manifold Ai with boundary. 
For this operator, we also prove Carleman estimates and local quantitative unique continuation from and 
up to the boundary dA4. This allows us to obtain a global stability estimate from any open set T of 
or dA4, with the optimal time and dependence on the observation. 

This provides the cost of approximate controllability: for any T > 2 sup 2 ,g_;\^ (dist(a;, F)), we can drive 
any data of Uq x LF' in time T to an e-neighborhood of zero in x with a control located in F, at 

cost 

We also obtain similar results for the Schrodinger equation. 
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1 Introduction and main results 

In this article, we are interested in the quantification of global unique continuation results of the following 
form: given a differential operator P on an open set C ffi", and given a small subset U of il, having 

Pu = 0 in n, u\ir = 0 u = 0 on SI. (1-1) 

More generally, in cases where (1.1) is known to hold, we are interested in proving a quantitative version 
of 


Pu small in S2, u small in U u small in S2. 

A more tractable problem than (1.1) is the so called local unique continuation problem: given G M" 
and S an oriented local hypersurface containing x^, do we have the following implication: 

There is a neighborhood ft of such that Pu = 0 in = 0 ^ supp(m). (1.2) 

It turns out that proving (1.2) for a suitable class of hypersurface (with regards to the operator P) is 
in general a key step in the proof of properties of the type (1.1). The first general unique continuation 
result of the form (1.2) is the Holmgren Theorem, stating that, for operators with analytic coefficients, 
unique continuation holds across any noncharacteristic hypersurface S. This local unique continuation 
result enjoys a global version proved by John [Joh49], where uniqueness is propagated through a family of 
noncharateristic hypersurfaces. 

When focusing on operators with (only) smooth coefficients, the most general results was proved by 
Hormander [H6r63], [H6r94, Chapter XXVIII]. Uniqueness across a hypersurface holds assuming a strict 
pseudoconvexity condition (see e.g. Definition 1.6 below). This result uses as a key tools Carleman 
estimates, which were introduced in [Car39] and developed at first for elliptic operators in [Cal58]. We 
also refer to [Zui83] for a general presentation of these problems. 

A particular motivation arises both from geoseismics [Sym83] and control theory [Lio88a, Lio88b]: in 
these contexts, one is interested in recovering the data/energy of a wave from the observation on a small 
part of the domain along a time interval. As well, unique continuation results for waves have been useful 
tools to solve inverse problems, for instance using the boundary control method [Bel87] (see also the review 
article [Bel07] and the book [KKLOl]). 

More precisely, consider the wave operator P = df — Ag on U = (—T, T) x Ai, where (A4,g) is 
a Riemannian manifold (with or without boundary) and Ag the associated (negative) Laplace-Beltrami 
operator. A central question raised by the above applications is that of global unique continuation from 
sets of the form (—T, T) x w, where w C A4 (resp. uj C dA4) is an observation region. 

In this setting and in the context of control theory, the unique continuation property (1.1) is equivalent 
to approximate controllability (from (—T, T) x oj); and an associated quantitative estimate (as proved in 
the present paper) is equivalent of estimating the cost of approximate controls. 
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If A4 is analytic (and connected), the Holmgren theorem applies, which together with the argument of 
John [Joh49], allows to prove unique continuation from (—T, T) x uj for any nonempty open set w as soon 
as T > where, for E C M, we have set 

£(M,E):= sup ( inf distfxn,a;i)), dist(a;o,xi) = inf length( 7 ). (1.3) 

Due to finite speed of propagation, it is also not hard to prove that unique continuation from (—T, T) x to 
does not hold if T < £(AJ,w), so that the result is sharp. 

Removing the analyticity condition on Ai has lead to a considerable difficulty, since Hormander general 
uniqueness result does not apply in this setting: time-like surfaces, as {xi = 0 }, do not satisfy the 
pseudoconvexity assumption for the wave operator. The local unique continuation can even fail when 
adding some smooth lower order terms to the wave operator, as proved by Alinhac-Baouendi [AB79, 
Ali83, AB95]. 

This uniqueness problem in the C°° setting was first solved by Rauch-Taylor [RT73] and Lerner [Ler 88 ] 
in the case T = oo, and AJ = (under different assumptions at infinity). Then, a result of Rob- 
biano [Rob91] shows that it holds in any domain Ai for T sufficiently large. Hormander [H6r92] improved 

this result down to T > y^£(AJ,w). That these two results fail to hold in time £ translates the fact 
that the local uniqueness results of these two authors are not valid across any noncharacteristic surface. 


The proof of local uniqueness results across any noncharacteristic surface for — Ag was reached by 
Tataru in [Tat95], leading to the global unique continuation result in optimal time T > £{Ai, uj). The 
result of Tataru was not restricted to the wave operator: he considered operators with coefficients that 
are analytic in part of the variables, interpolating between the Holmgren theorem and the Hormander 
theorem. Technical assumptions of this article were successively removed by Robbiano-Zuily [RZ98], 
Hormander [H6r97] and Tataru [Tat99b], leading to a very general local unique continuation result for 
operators with partially analytic coefficients (containing as particular cases both Holmgren and Hormander 
theorems). 


Concerning quantitative estimates of unique continuation, when (1.1) holds, one may expect to have 
an estimate of the form 


< £{\ 


\u ’ 


||Pu|| 


a ’ I 


with <f{a, 6 , c) —)■ 0 when (a, &) —>■ 0 with c bounded. 


(1.4) 


where t/ C H C H are nonempty, and for appropriate norms. In this context, much less seems to be known. 
Two additional difficulties arise: one needs first to quantify the local unique continuation property (1.2), 
and then to “propagate” the local estimates obtained towards a global one. 

In the setting of the Holmgren theorem, local estimates of unique continuation of the form (1.4) were 
proved by John [Joh60]: they are of Holder type, i.e. (p{a,b,c) = {a + b)^c^~^, in the case P is elliptic, and 

of logarithmic type, i.e. ip{a, b,c) = c ^log(l -I- ypj)^ , in the general case. 

In the situation of the Hormander theorem, it is proved by Bahouri [Bah87] that Holder stability 
always holds locally. Such local estimates were propagated, leading to global ones (in the case of elliptic 
operators P of order two, even with low regularity assumptions) by Lebeau and Robbiano [Rob95, LR95]. 
They can also be improved to Lp{a, b,c) = a + b if boundary conditions are added [Rob95, LR95]. 

The global problem for the wave operator in the analytic setting was tackled by Lebeau in [Leb92]. For 
H = O = (— T, T) X AA and U = {—T, T)xuj with oj C AA (or more precisely T C dAA), he proved that the 

stability estimate (1.4) with (f{a,b,c) = c ^log(l -I- 777 )^ holds for any T > £{A4,uj). He also proved 

that this inequality is optimal if there exists a ray of geometric optic that does not intersect (—T, T) x uj 
(and only has transverse intersection with dAA). Under this assumption the (stronger) geometric control 
estimate (i.e. (1.4) with ip{a,b,c) = a + b) of the Bardos-Lebeau-Rauch-Taylor Theorem [RT74, BLR92] 
is not satisfied. When considering the C°° situation for this problem, the first result is due to Rob¬ 
biano [Rob95], who proved the result for T suffiently large with i^(a, 6 , c) = c ^log(l-f ^j^)^ ^ ■ The 

result was improved by Phung [PhulO] to ip{a,b,c) = c ^log(l -I- y^)^ (still in large time). In his 
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unpublished lecture notes [Tat99a], Tataru proposes a strategy to obtain estimates of the form (1.4) with 

Lpe = C (l0g(l + 4^)) in the general context of the uniqueness theorem for operators with partially 

analytic coefficients. 

In this article, we develop a systematic approach both to quantify the local uniqueness Theorem 
of Tataru, Robbiano-Zuily and Hormander, and to propagate the quantitative local uniqueness results 

towards a global one (with optimal dependence ip = c ^log(l + )■ When doing so, we face both 

difficulties of producing quantitative and global estimates. Then, we specify the previous results to the wave 
operator on Ai. For this operator, we also prove appropriate Carleman estimates and local quantitative 
unique continuation results from and up to the boundary dAi. This allows us to obtain a global stability 
estimate from any open set of Ai or dAi, with the optimal time (T > C{A4,uj)) and dependence on the 
observation. This generalizes the result of Lebeau [Leb92] to non-analytic manifolds, and provides the cost 
of approximate controllability. We also treat the case of the Schrodinger operator. 

In the present introduction, we first discuss the case of the wave and Schrodinger equations: in this 
particular setting, the results are simpler to state and more precise. Moreover, in this context, we are able 
to deal with the boundary value problem as well. Second, we state the general quantitative uniqueness 
result for operators with partially analytic coefficients in the setting of Tataru [Tat95, Tat99b], Robbiano- 
Zuily [RZ98] and Hormander [H6r97] (used in the proof for the wave equation). 


1.1 The wave and Schrodinger equations 

In this section, we describe the motivating applications of our main result, i.e. to the wave equation. 
In this very particular setting, we are also able to tackle the boundary value problem. We also state an 
analogous result for the Schrodinger equation. 

Theorem 1.1 (Quantitative unique continuation for waves). Let M. he a compact Riemannian manifold 
with (or without) boundary. For any nonempty open subset to of Ai and any T > 2£{Ai, uj), there exist 
C,K,po > 0 such that for any (uqjMi) € Hq{A4) x L'^{A4) and associated solution u of 

( dfu — AgU = 0 in [0,T] X Ai, 

S ■W| 0 A^ =0 in [0,T] X dAi, (1.5) 

[ {u,dtu)\t=o = {uo,ui) in Ai, 

we have, for any p > po, 

II (uq, Ui)||j;^2xi/-1 ^ Ce”'' ll^llL2((o,T);ffi(w)) + TT 11(^0; ^^l) II//i ■ 

p 

If dAi 0 and T is a non empty open subset of dAi, for any T > 2L{Ai,T), there exist C,K,po > 0 such 
that for any {uq,ui) € Hq{A4) x L‘^{Ai) and associated solution u of (1.5), we have 

II { uq , 111)11 ^ 2 X //-1 ^ C'c ^ 11^!^"*^11 7 .) xr ) ^ II (^ 0 ; '^ i )\\ h ^ xL ^ ■ 

F 

Theorem 1.1 remains valid if Ag is perturbated by lower order terms that are analytic in time. In 
the special case where they are time independent, the constants in the previous estimates may be chosen 
uniformly with respect to these perturbations (in the appropiate norms). We refer to Theorem 6.1 for a 
precise statement. This result can also be formulated in the following way, closer to the formulation (1.4) 
(see Lemma A.3). We only give the boundary observation case. 

Corollary 1.2. Assume dAi 0 and T is a non empty open subset of dAi. Then, for any T > 2C{Ai,T), 
there exists C > 0 such that for any (uo,iii) G Hq{A4) x L‘^{Ai) and associated solution u of (1.5), we 
have 


ll(wo,ui)|| 


L^xH-^ - 


< C 


log ( 


11(^0,Ml)llgixL^ 

||(M0.Ml)||jfl 


\\9vA\ (]o,T[xr) 


+ 1 
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II {uo, Wl)||^i xL2 


L2(]0,T[xr) > 


with A = 


II(mo,mi)|Il2 

xH~^ 


In the previous estimate, A has to be considered as the typical frequency of the initial data. So, the 
estimate states a cost of observability of the order of an exponential of the typical frequency. 

As proved by Lebeau [Leb92] in the analytic case, this exponential dependence is sharp in the general 
case. 

As a consequence of the previous Theorem, we can obtain some approximate controllability results as 
follows. For the sake of brevity, we only state the case of a boundary control. 

Theorem 1.3 (Cost of boundary approximate control). For any T > 2£(A4, F), there exist C,c > 0 such 
that for any e > 0 and any (uq,Ui) € Hq(j\4) x there exists g € L^((0,T) x F) with 



5 L2((Q7.)xr) < C'e= \\{ug, 


such that the solution of 




( (92 - A)u = 0 

in (0,T) X M, 

< 


in (0,r) X dM, 


[ {u,dtu)\t=g = {ug,Ui), 

in M, 

satisfies \\iu,dtu)\t=T\\i^ 2 (^^-^,^H-^{M) — ^ ui) //1 (_a4)xl2(;vi) • 


That this result is a consequence of Theorem 1.1 is proved in [Rob95, Proof of Theorem 2, Section 3]. 
The solution of the nonhomogeneous boundary value problem are defined in the sense of transposition, see 
[Lio88a]. 


We also obtain similar results for the Schrodinger equation. We only state here the counterpart of 
Theorem 1.1 in this setting. 

Theorem 1.4. Let M. be a compact Riemannian manifold with (or without) boundary. For any nonempty 
open subset to of A4 and any T > 0, there exist C, k, /tq > 0 such that for any ug € Fl^ H ilg and associated 
solution u of 

( idtu + AgU = 0 in (0, T) x M, 

•\ "UjaM =0 in (0,T) X dM, (1.6) 

[ u(0) = ug in A4, 

we have, for any p.> fJ,g, 

11^011^2 < ll'*^llL2((-T,r);ffi((.j)) + ~ ll'*^o||/i-2 • 

If dM. 7 ^ 0 and F is a non empty open subset of dM, then for any T > 0, there exist C, n, p,g >0 such 
that for any Ug G H F[( and associated solution u of (1.6), we have 

||mo|Il 2 < \\d„u\\ L2((_T,T)xr) + ll“o||_f /2 ■ 

As well, this result still holds with some lower order perturbations, analytic in t, see Theorem 6.5 for 
a more precise statement. 

Note that some related results have already been proven in the internal case by Phung [PhuOl] with 
gK^t replaced by . 


1.2 Quantitative unique continuation for operators with partially analytic co¬ 
efficients 

Let us now turn to the general stability result and present the class of partial differential operators we 
deal with. We consider domains LI C M" = x M"'’, where Ua + Ub = n. We denote by a; = {xa,Xb) 
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the global variables and ^ = {^a,^b) the associated dual variables. The variables Xa will denote the set of 
variables in which the considered operator is analytic. 

We recall that, given a bounded domain C M” = x M"*’, a smooth function / : —>■ M is analytic 
with respect to Xa if, for any point x^ = (x°,a;°) G fl, f is equal to its partial Taylor expansion at a;° 
with respect to the variable Xa in a neighborhood of x^ in fl. Such a function extends as a holomorphic 
function in the variable Xa in B{x^,e) + iB{0,e) x B{x^,e) for some £ > 0. 

The Mowing definition is due to Tataru [Tat99b, Definition 2.2]. 

Definition 1.5 (analytically principally normal operator). Let P be a partial differential operator on an 
open set fl C x M”*’ of order m € N* with smooth coefficients and principal symbol p{xa,Xb,^a,^b)- 
We say that P is an analytically principally normal operator in = 0} inside D if the coefficients of 
P are real-analytic in the variable Xa and for any x^ G there exist ila C M"“, fit, C M”*’, such that 

€ Oa X Oh, ria X C n and there exists a complex neighborhood of fla in C"“ and a constant 
C > 0 such that for all Za, Za G and all (xb, ^b) € x K"'’, 7 ^ 0, we have 


\{p{Za,-,0,-),P{Sa,-,0,-)}{xb,^b)\+ ^p{Za,-,0,-),P{Za,-,0,-)] {Xb,^b) < C\p{Za, Xb,0, ^b)Mbr ^ (1-7) 


\dzMZa,Xb,0Ab)\ < C\p{Za,Xb,0,^b)\- (1-8) 

Note that in this definition, the Poisson brackets are taken only with respect to the {xb,^b) variables. 
Yet, the combination of the two conditions (1.7) and (1.8) implies that such operators are in particular 

principally normal in = 0} in the usual sense (see [RZ98], [H6r97] or [Tat99b, Definition 2.1]), that is 

\{p,p} (a;aMb,0,^h)| < C\p{xa,Xb,0,^b)\\^br~\ (1-9) 

where this time, {p,p} is computed with respect to all the variables. 

Two interesting cases of operators P being analytically principally normal in {^a = 0}, considered 
in ]RZ98] and ]H6r97], are operators with analytic coefficients in Xa satisfying one of the following two 
assumptions: 

(E) transversal ellipticity: p{xa, Xb,0,^b) > for {xa,Xb) € € M"'’; 

(H) principal normality and invariance with respect to the null bicharacteristic flow in = 0}: 

\{p,p} (a;a,a;t,, 0 ,^b)| < C'|p(xa,a:&, 0 ,^t,)||^t,|™“^ and a^^p(a;a, Xb, 0 , ^h) = 0 . 

We now formulate the definition of strongly pseudoconvex surfaces for an operator P, see ]H6r94, Defini¬ 
tion 28.3.1], ]Tat99b, Definitions 2.3 and 2.4] and ]Tat99a, Section 1.2]. 

Definition 1.6 (Strongly pseudoconvex oriented surface). Let C M", T be a closed conic subset of T*il, 
and let P be principally normal in T inside D (in the sense of (1.9)) with principal symbol p. Let S' be a 
oriented hypersurface of and x° € S n D. We say that S is strongly pseudoconvex in F at x° for P 
if there exists (j) G (7^(11; K) such that S = {</> = 0}, V0(x°) 0, satisfying: 

Re{p, {p,<?i}}(x°,C) > 0 , ifp(x °,0 = {p,^}(x°,C) = 0 and Ce ^ 0; (1.10) 

— {P 0 ,P 0 }(a;°,C) > 0, ifp 0 (x°,O = {p 0 ,^}(x°,^) = 0 and ^ G r,,o,r > 0, (1.11) 

IT 

where p,p{x, = p{x, ^ + irVcj)). 

Note that this is a property of the oriented surface S solely, and not of the defining function </> 
(see ]H6r94], beginning of Section 28.3). If T = T*Vt, it is the usual condition of the Hormander Theorem 
(see ]H6r94, Section 28.3]), that is, under which uniqueness holds for P at x° across the hypersurface S, 
i.e. from (/> > 0 to ^ < 0 . 

Below, this condition will always be used for F = = 0}. In this case, and using the homogeneity of 

p in Assumption (1.11) may be rephrased as: 

v{p(a;,^-iV(()),p(x, 5 -kzV( 5 ())}(x°, 0 ,^b) > 0 , if p(() = {p, ^}(^) = 0 , 6 € 


6 



where C. = (x'^, iVa4>{x^), An important feature of this definition is that it is invariant by 

changes of coordinates. 

Note also that in the case F = = 0}, the condition (1.10) is the limit as t —> O'*' of (1.11) on 

the subset {p 0 (a;°,^) = {P 0 , </>}(a;°, C) = 0} firsO) thanks to the principal normality assumption (1.9), see 
Remark 3.5 below. 

Before stating our main result, let us discuss some cases of operators of particular interest. 

Remark 1.7 (Hormander case). If Ua = 0, there is no analytic variable. In this case. Definition 1.5 
coincides with the definition of principally normal operators [H6r94, Chapter XXVIII] and Definition 1.6 
with T = T*n that of strictly pseudoconvex functions. The unique continuation result under consideration 
is the classical Hormander theorem [H6r94, Chapter XXVIII]. 

Remark 1.8 (Holmgren case). If rza = n, that is the operator is analytic in all the variables, we have 
Xa = = C) ^nd hence F = fl x = 0} = D x {^ = 0}. In this situation, conditions (1.7), (1.8) are 

empty since all the terms vanish. 

Next, concerning the conditions on the surface {(/> = 0}, notice that (1.10) is also empty since Fa ;0 n 
{C 7 ^ 0} = 0- For (1.11), if ^ € F^jO, that is ^ = 0, we have p 0 (a:°, ^) = p(x°, trVf/)) = (ir)™p(a;°, V())): any 
noncharacteristic surface is a strongly pseudoconvex oriented surface. 

Note that, in the case Ua = n, the results presented here hold under the condition: 

p(a;°, V^(a;°)) = {p, (/)}(a;°, V(/)(a;°)) = 0 ^ v{p(a;,C - tV(/)),p(x,^ + fV^)}(a;°,0) > 0, 

which is weaker than the noncharactericity condition p{x^/pixP)) 0 of the Holmgren theorem. 

Remark 1.9 (Wave type and Schrodinger type operators). Let us now consider the case of operators P 
of principal symbol of the form p 2 {x,^) = Qx{C}j where Qx is a smooth family of real quadratic forms, 
such that Qa:(0, ^b) is definite on M"*’. This is the case of the wave operator or Schrodinger type operators. 
First, condition (E) is fulfilled thanks to the positiveness of (5a;(0,^b). Then, Assumption (1.10) holds 
(uniformly with respect to x € fl) according to the definiteness of Qx((0, ^b))- It is indeed empty since 
P 2 (x, (0,^;,)) does not vanish for ^b 7 ^ 0. Moreover, we have {P 2 ) </>}(a^)■?) = 2Qx(C^^)> where Qx is the 
polar form of Qx, and 

{P 2 , (/>}(x, ^ + tV(/)) = 2Qx(^,'V4>) + 2iQx{V(j)). 

As a consequence, lTa{p 2 ,(l)}{x,^ + iV(j>) = 2Qx{'^(f>) so that (1.11) is also empty (and thus satisfied) for 
any noncharacteristic hypersurface. 

In conclusion, for real quadratic forms which are definite on M"’’ at = 0, any noncharacteristic 
hypersurface is strongly pseudoconvex in the sense of Definition 1.6. In the case rza = 1, this includes the 
following operators of particular interest: 

• P = Dl^- E" 7 =i (wave operator) with p = 

• P = Dx^ - (Schrodinger operator) with p = - Ynjti aij{x)^Ub- 

where the quadratic form with coefficients aij is positive definite. 


We are now prepared to formulate our main Theorem in the general framework. We first describe the 
geometric context and then state the Theorem. 

Geometric setting: (see Figure 1) We first fix two splittings of M" as M” = ^ 

M" = IR"“ X possibly in two different basis. We let I? be a bounded open subset of with smooth 

boundary and G = G{x',s) G G^{D x ]0,1 + 77 )), for some p > 0, such that 

• For all £ e (0,1], we have {x' G G(x', £) > 0} = D; 

• for all x' G D, the function e 1 —)■ G{x',e) is strictly increasing; 

• for all £ G (0,1], we have {x' G G(x',£) = 0} = dD. 
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We set G{x' , 0) = 0, iSq = -D x {0} and, for e G (0,1], 

Se = {{x': Xn) G M", a;„ > 0 and G{x', e) = a;„} = (Z? x M) n {(cc', Xn) G 

K = {x € K", 0 < a;„ < G{x' , 1)}. 


,G{x',e) = Xn}; 



Figure 1: Geometric setting of Theorem 1.10 


Theorem 1.10. In the above geometric setting, we moreover let fl be a neighborhood of K, and P be a 
differential operator of order m, analytically principally normal operator on H in = 0}. 

Assume also that, for any e € [0,1 + rj), the oriented surfaces = {(fg = 0} with (j)g{x',Xn) '■= 
G{x',s) — Xn are strictly pseudoconvex in = 0} for P on the whole Sg, in the sense of Definition 1.6. 

Then, for any open neighborhood ui C li of Sq, there exists a neighborhood U of K, and constants 

K,G,pLQ > 0 such that for all fj. > po ond u G we have 

l|■“llL2(^7) - 

where we have denoted = Y},\p\<m-i 

If = n (Holmgren case), we get also for some ip G G^{Cj) and for any s G K, the existence of 

k,G,po > 0 such that for all fj. > po ond u G we have 

II^IIl+c/) - Ge'^^ • 

If n-a = 0 (Hormander case), there is c,k,C,pq > 0 such that for all fj.> po and u G we have 

||u||//m-i(j/) < Ge'^^ + II^^IIl2(o)^ + Ge 

Note that in the first two cases, we obtain a result of the type (1.4) with a logarithmic function p, 
whereas in the framework of the Hormander theorem, we obtain the stronger Holder-type dependence: 



for some <5 G (0,1). 

The formulation of the above result using a foliation by hypersurfaces is inspired by that of [Joh49, 
Theorem p. 224] in the context of the Holmgren theorem. The statement describing the hypersurfaces by 
graph could look rigid. We will give later in Theorem 4.11 a slight variant where the partial analyticity 
and the foliation by graphs can be described in different coordinates (i.e. the linear change of coordinates 
between the two different splittings M" = and M” = K"” x K”*’ may be replaced by a 

diffeomorphism). We chose not to present this more general result here for the sake of the exposition. 
Most of global Theorems for the wave and Schrodinger equations on a manifold are proved in that setting, 
after some suitable change of coordinates. 
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1.3 Idea of the proof 

As already mentioned, unique continuation theorems (e.g. the Hormander theorem) are often proved 
with Carleman estimates. Such inequalities are already quantitative, and hence furnish a good starting 
point towards local quantitative unique continuation results. This strategy has already been followed 
in [Rob95, LR95] in the case of elliptic operators, see also [Bah87]. Starting from the Carleman inequality, 
the idea is to apply the estimates to some function x(a;)'u where x is a well chosen cutoff function. The 
exponential weight (where ip is an appropriate weight function) in the Carleman estimate naturally 

leads to some inequality of the form 

\\u\\y^ < e'^^{ ||u||y^ + \\Pu\\y^) + llully^ , (1.12) 

uniformly for fJ, > fio and for some small open sets Vi C V 2 C V 3 depending on the local geometry. 
Optimizing in /i (see [Rob95] or [LRL12, Lemma 5.2]) this can then be written as an interpolation estimate 

My,<{My,+\\Pu\\yj'\\ufy;\ 

for some <5 € (0,1). The interest of these interpolation estimates is that they can be easily iterated, leading 
to some global ones. It ends up with some Holder type dependence, i.e. (1.4) with (p = {a + 6 )'^c^“‘^. We 
refer for instance to the survey article [LRL12] for a description of these estimates in the elliptic case, with 
application to spectral estimates and control results for the heat equation. 


Yet, in the context of the unique continuation theorem for partially analytic operators, the Carleman es¬ 
timates proved in [Tat95, RZ98, H6r97, Tat99b] contain a "microlocal" weight of the form 
As for usual Carleman estimates, the term (loosely speaking) gives some strength to the set where 

Ip is positive, but the additional term localizes in the low frequencies in the variable Xa- In 

this context, the proof of unique continuation proceeds with a (qualitative) complex analytic argument 
(maximum principle). This additional argument in the proof of unique continuation also requires to be 
quantified. As in [Rob95], this procedure naturally leads to local logarithmic (instead of Holder) stability 
estimates. The main issue one then has to face when quantifying unique continuation is that such esti¬ 
mate cannot be iterated (or would yield dependence estimates of the type (1.4) with a function p being a 
composition of as many log as steps needed in the iteration). 


One idea to overcome this difficulty, proposed by Tataru in his unpublished notes [Tat99a], was to 
propagate some low frequency estimates of the form 


(t)''(s)^' 




= 1 

< e-'"" 


L2 


X 

a[-)u 


< e 


yr < c 


Hm-l 


and for all u supported in {(p < <p(xo)}, for some apropriate compactly supported cutoff functions a and 
m(^) in the Gevrey class l/a, a < 1, and for some r < R. This kind of estimates can be propagated and 

led to some global stability estimates of the form (1.4) with = c ^log(l -I- y^)^ 

The loss 1 — e in the power of log is due to the use of functions Gevrey a with compact support. The 
optimal case a = 1 would correspond to analytic functions. Yet, analytic functions cannot have compact 
support, which is a key ingredient in the usual application of Carleman estimates. 

Let us now explain our strategy to solve this problem. 


1.3.1 Obtaining local information at low frequency 

Part of the proof of the present paper is inspired by this idea of propagating only low frequency (in the 
analytic variable Xa) estimates. However, we replace the Gevrey cutoff functions by some analytic “almost” 

\Oa\^ 

localized functions of the form xa := e X where x is smooth with the expected compact support. It 
turns out that the right choice of A is A = C/x where p is the frequency where we want to measure our 
solution. That such functions are not compactly supported makes the commutator estimates much more 
intricate and requires a careful study of the dependence with respect the regularisation parameter A, the 
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local frequency /i and the parameter r in the Carleman estimate. All estimates are carried out up to an 
exponentially small remainder (in terms of these parameters). 

Following this procedure, the local estimates we prove (which we are in addition able to propagate) are 
some generalization of (1.12), but only with regards to the low frequencies (in the analytic variable Xa)- 
In a neighborhood of a point x^, they are of the form 


Da 

/3m 


X2,p.U 




H^-i 


Da 

‘At I I 




+ \\P'^\\l-^{b{xO,r)) \+Ce 




,-.( 1 - 13 ) 


uniformly for fj, > fio- See the beginning of Section 3 for a more precise statement and remarks on this 
result. Here, xi ^-nd X 2 are some cutoff in the physical space that localize respectively to the place where the 
information is taken (locally in {(j) > p} for some p > 0) and to where it is propagated (a small neighborhood 
of x^). The Fourier multipliers cuts off (analytically) the ^a frequencies. All these cutoff functions 
are used only with their analytic regularization. They never localize exactly. Using such regularized 
cutoff functions and Fourier multipliers follows the spirit of analytic semiclassical analysis [Sj682] (see 
also [Mar02]). However, we do not make use of that theory and rather construct by hand the appropriate 
mollifiers, making the proof selfcontained in this respect. 

The proof of estimates like (1.13), stated more precisely in Theorem 3.1 is the object of Section 3. 
It proceeds in three steps. First, as in the usual proofs of unique continuation results, starting from the 
hypersurface {(j) = 0}, one needs to construct a weight function ip with both properties 

• to satisfy the assumptions required to apply the Carleman estimate {ip should be a strictly pseudo- 
convex function in the sense of Definition 2.1); 


• to have level sets appropriately located with respect to those of </>. 


This corresponds to the so called “convexification process”. 

Second, we apply as a black box the Carleman estimates of [Tat95, RZ98, H6r97, Tat99b] (or some 
similar ones that we prove in the presence of boundary) to yu, where y is a particular cutoff function 
(localizing near the point of interest, and according to levelsets of fj), containing both rough cutoffs and 
mollified ones. We then need to estimate terms arising from the commutator y], that are 

either well localized or have an exponentially small contribution. 

Finally, we need to transfer the information given by the Carleman estimate to some estimate like (1.13) 
on the low frequencies of the function. This is done through a complex analysis argument, the Carleman 
parameter r playing the role of complex variable, as in [Tat95]. If f is the complex variable, the Carleman 
estimates corresponds to an estimate on f = ir € Combined with a priori estimates, a Phragmen- 

Lindelof type theorem allows to extend this estimate to part of the real domain, where it corresponds 
to estimating 


(fe) 


XU 


To obtain estimates that are uniform with respect to the frequency (and 

regularization) parameter p,, we also need, following [Tat99a], to use a scaling argument, replacing r by 
r/p. 


1.3.2 Propagating local informations to global ones 

Once the local estimate are proved, we need to iterate them to obtain a global estimate. This is the object 
of Section 4. At first, we define some tools that will allow later in an abstract way to propagate easily 
our local estimate (1.13). Roughly speaking, (1.13) says that, for solution of Pu = 0, some information 
can be transfered from the support of xi to the support of X 2 - We formalize that with the notion of zone 
of dependence. Roughly speaking, we say that on open set O 2 depends on Oi if (1.13) holds for every 
yi equals to 1 on Oi and any X 2 supported in O 2 . This part allows to make the proof of Theorem 1.10 
a complete geometric one. Even if quite different in definition, it is close in spirit to the interpolation 
theory developped in Lebeau [Leb92] to propagate globally the local information obtained by the Cauchy- 
Kowaleski theorem. Moreover, it should adapt to some more general kind of foliation. Note that at each 
step of this propagation argument, we have a loss in the the range of frequency: from an information on 
frequencies < p, we obtain an information on frequencies < jdp, with /? small. This is overcome by the 
fact that we only have a finite number of steps in this iterative procedure. 

Once this propagation result is done, we are left with some information about the low frequency of our 
solution. Since we have no information about the high frequency part, the only thing to do is to use some 
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trivial bound of the type 



< 


C 


L2 M 


This is actually much worse than the negative exponential that we already had. But it turns out to be the 
best we can do without any more information. 

In section 6, we specify our general result to the case of the wave and Schrodinger equations. The main 
task is to construct some noncharacteristic hypersurfaces that allow to be in the situation of Theorem 
1.10. This part is quite classical and was already present for instance in [Leb92]. We recall the argument 
in the present context. 


1.3.3 Carleman estimates for the Dirichlet boundary value problem 

Finally, to prove the results of Section 1.1, it remains to deal with the boundary-value problem. This 
is the object of Section 5. As far as (qualitative) unique continuation is concerned, there is no need 
to prove quantitative estimates up to the boundary. As a consequence, we need here to carry over the 
analysis of [Tat95, RZ98, H6r97, Tat99b] at the boundary. In this context, we consider a particular class of 
operators and a particular boundary condition. We assume that the operator belongs to the class described 
in Remark 1.9 (hence encompassing wave and Schrodinger type operators), that is, with symbols of the 
form p 2 {x,^) = QxiO where Qx is a smooth family of real quadratic forms. We further assume that 
the analytic variables Xa are tangent to the boundary, and that the functions satisfy Dirichlet boundary 
conditions. Recall that this situation is of particular interest for the wave/Schrodinger equations, for which 
Xa is the time variable, which is always tangent to the boundary of cylindrical domains. 

The proof of the quantitative unique continuation result up to and from the boundary relies on a 
Carleman estimate at the boundary for such operators. As such, it interpolates between the “boundary 
elliptic Carleman estimates” of Lebeau and Robbiano [LR95], and the “partially analytic Carleman esti¬ 
mates” of Tataru [Tat95] (see also [RZ98, H6r97]). Then, we obtain the counterpart of the local estimate 
of Theorem 3.1 for this boundary value problem. All local, semiglobal and global results shall then follow 
as in the boundaryless case. We only need to be careful when performing changes of variables. 

We wish to thank Daniel Tataru for having allowed us to use some ideas from his unpublished lecture 
notes [Tat99a], and Luc Robbiano for his comments on a preliminary version of the paper. The first author 
is partially supported by the Agence Nationale de la Recherche under grant EMAQS ANR-2011-BS01- 
017-0 and IPROBLEMS ANR-13-JS01-0006. The second author is partially supported by the Agence 
Nationale de la Recherche under grant GERASIC ANR-13-BS01-0007-01. 

When finalizing this article it came to our attention that another group, Roberta Bosi, Yaroslav Kurylev 
and Matti Lassas has been working independently on issues related to this paper. 


2 Preliminaries 

The preliminary results presented in this section are mainly used in Section 3 for the local estimate. Some 
are also used independently in Section 4 for the semiglobal estimate. They concern: 

1. The Carleman estimate adapted to operators with partially analytic coefficients, as stated in [Tat95, 
RZ98, H6r97, Tat99b]; 

2. The regularization procedure for cutoff functions and Fourier multipliers (which is a key part in the 
proofs); 

3. Some preliminary commutator-type estimates. 

2.1 Notation 

Before this, let us recall basic notation, used all along the article. 
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Above and below, dist stands for the Euclidean distance in M”, M or IR"“, or the Riemannian distance 
on (A4,g}. For K C M" (resp. M, resp. IR"“) we define a d neighborhood of K by 

Vois(K,d) := B{x,d), 

xGK 


where balls are taken according to the distance dist. For two open set U, U', we write U (s U' ii U is 
compact and U C U'. 

We denote by B the Fourier transform in all variables, Ba in the variables Xa G only. When there 
is no possible confusion, we shall write u = Ba{u) or u = B(u). 

We set (^) = (1 + |^P)5, and denote by H-H^ the classical norm on M”: \\u\\^ := || (C)™ 

Similarly, 




will denote the weighted (semiclassical) i/™ norm for r > 1. In the main part of this article, r will be a 
large parameter. Finally, we use the notation for the operator norm from to 


2.2 The Carleman estimate 

Before stating the Carleman estimate used in the main part of paper, we need to introduce the definition 
of appropriate weight functions ip. 

Definition 2.1 (Strongly pseudoconvex function). Let P be a principally normal operator in C M", 
with principal symbol p, let ip G and F be a closed conic subset of T*il. Let x^ G 11. We say 

that Ip is strongly pseudoconvex in L at x® for P if: 

Re{p,{p,V’}} (a;°,0 > 0. if p(a;°,C) = 0 and ^ G r,^o,^ 0; (2.1) 

— if p^(a:°,0 = 0 and ^ G r 2 ; 0 ,T > 0, (2.2) 

IT 

where p-^{x,P^) = p{x, ^ + irVip). 

Note that in the case L = T* ft, this property is the usual one for proving a Carleman estimate with the 
weight function ip. It is classical that a strongly pseudoconvex surface S (in the sense of Definition 1.6) is a 
level surface for some pseudoconvex function (see e.g. [H6r94, Proposition 28.3.3] or [Tat99a, Theorem 1.5]), 
and that both definitions are stable with respect to small perturbations. In what follows a more precise 
link (adapted to our needs) between these two notions shall be made in Section 3.1. 

In this paper (as in ]Tat95, RZ98, H6r97, Tat99b]), Definitions 1.6 and 2.1 shalls alway be used with 
r = D X {Ca = 0}. 


For e, r > 0 we define the operator 


QtrU = QtAx,Da)u = 


(2.3) 


introduced in ]Tat95]. 

The following result is due to Tataru ]Tat99b, Theorem 2]. A proof in cases (E) and (H) can be found 
in ]H6r97] (see in this reference Equation (5.15), and the last equation before Section 7, respectively). 
Some closely related estimates are also proved in ]RZ98, Proposition 4.6]. 

In Section 5, when studying the boundary value problem for wave equations, we include a proof of 
this result in the case (H) assuming that P has a real principal part, is of order m = 2, and under the 
additional assumption that the coefficients of P do not depend on Xa. 

Theorem 2.2. Let G D = fla x C x M"'’ and P be a partial differential operator on Ll of order 
m. Assume that 


• P is analytically principally normal operator in = 0} inside LI (in the sense of Definition 1.5); 

• Ip is a quadratic polynomial in x = {xa,Xb), strongly pseudoconvex in LlC\ {^o = 0} at x° for P (in 
the sense of Definition 2.1). 
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Then, there exists e: > 0, R > 0, d > 0, C > 0, tq > 0 such that B{x^, R) C ri and for any r > tq, we have 


\Ql 


1 < G 

m —l,r 


\Qt.rPu 


r(V>-d)py 


e^CV-cDy 


2 

m—l,r 


(2.4) 


for any u G C^{B{x^, R)). 

Note that most Carleman estimates in [Tat95, RZ98, H6r97, Tat99b] do not contain the term 

||gr(V.-d)py||^ 

in the right hand-side. Also, this result was stated in some case where pseudoconvexity 
holds on all Cl. Yet, pseudoconvexity at one points implies the pseudoconvexity in a small neighborhood 
(see [Tat99b, Lemma 2.5]), so it implies the local Carleman estimate for functions supported close to x^. 


2.3 Regularization of cutoff functions and Fourier multipliers 

All along the paper, we shall use several cutoff functions and need to regularize them. Here, we explain 
the regularization procedure we use, give some of its basic properties, and define some (appropriately 
regularized) Fourier multipliers. 


2.3.1 Regularization of functions 


Before describing the regularization operators, let us collect some basic facts about gaussian integrals. 
Note first that we have (derive with respect to z or see e.g. [Leb72, (2.1.7) pl7]), for z > 0, 


r+oo 


/•+00 - — Z^s 


e ^ ds = 


As a consequence, we have the following estimates 


e j ^ VTT _„2 

- - ^ds < ^ . 

l-fs2 - 2 


r+oo 


e t ds< - y/ie 

“2 


r+oo 


(s)’”e ds < Cm{r)'^{f) ^ e for all r > 0, t > 0, m G N, 


where the second estimate is obtained by iterated integration by parts. As a consequence, we also have 


\^a\^ 


I e ' dxa < ^ (t) ^ e ‘ for all r > 0,t > 0. 

Moreover, we have for any measurable set E C M"“, any Xa G M"“, and any t > 0, 


(2.5) 




dya< f e dya = (7rf) 2 “. 


In addition, according to (2.5), there exists > 0 such that for any closed set E C K"“, any Xa ^ E, 
and any t > 0, we have 


f dya < f 

JE JB[ 


e dya < (dist(a;o, A))”“ ^ (t) e 

/ B{xa ,dist(a:a,£^))‘^ 

Hence there exists Cn^ > 0 such that for any closed set E C any Xa € and any t > 0, we have 

„ 1 rin dist(xo,,£)^ 

\na-l - ( a, J 


[ e dya < (dist(a;o, A))”“ 2 “ e” 

J E 


( 2 . 6 ) 


We are now prepared to define the appropriate regularization process, used all along the article. We 
shall use the notation f\ to denote 

• /a := f for a function / G L°°(IR); 


13 



• or (more often used) 


for a function / e and a fortiori for / e 

We hope that this use shall not be confusing for the reader. We now discuss in more detail the basic 
properties of this regularization process in the second case only (the first case can be seen as the particular 
situation ria = l,nt, = 0). 

This definition can be rewritten as 


fx{Xa,Xb) 



f{-,Xb)Yxa) = 




f iya,Xb) e 


X 

4 


ka-yap 


dya 


Note that similar smoothing of functions are used systematically when working with analytic microlocal 
analysis, see [Sj682] or [Mar02]. In this context, it is related to the Fourier-Bros-Iagolnitzer transform. In 
applications to unique continution, it has been used in [RT73, Ler88, Rob91, H6r92, Leb92, Rob95, Tat95, 
RZ98, H6r97, Tat99b]. In particular, the operator Qf^. defined in (2.3) contains such a regularization (the 
regularizing parameter A being linked to the Carleman large parameter r). 

We will use several times in the proofs that 

||/aIL.(r.) < \\e-'-^\\L^iM^.)\\Mfma,Xb)\\mm^) = ll/IL^(r) (2.7) 

and 

Whh^ < ' l|e-^l'l'lkqK».)||/IL=o(«„) = ||/IL=o(M„). (2.8) 

Notice also that we have 


/ > 0 ^ /a > 0, and hence f > g ^ f\> g\- 


Moreover, the function f\ may be extended as an entire function in the variable Xa by 


f\{Za,Xb) = ( — 


fiya,Xb)e dya, ZaGC'^’^jXbG 


(where = (a ■ (a = I Re Ca P — | Im Co p + 2i Re (^a • Im Co is the real inner product) with the uniform bound 


\f\{Za,Xb)\ < 


A 

47r 


< — 


A 

47r 


/yaGsupp(/(.,a:j,)) 




dya 


lyaGsupp{f{-,Xb)) 


g-A|Re(.„)-y„p 


X (dist(Re(2o),supp(/(.,x6))))”“-^e-7‘^"*(^®("“)’""PP(^('’"'’)»' 


(2.9) 


where the last estimate comes from (2.6). Note that strictly speaking, if / is only in L°°(IR”), supp(/(., Xh)) 
is not really well defined for every Xb € K"*’. But supp / (in the distributional sense of support) is a well 
defined closed set and we can define for every Xb € K"*’ the closed set of M”“, {xa & R"“ |(a;o,a:t,) € supp/} 
that is supp(/(., Xh)) for continuous functions. We will not discuss more this subtlety and will continue to 
write some expressions similar to (2.9). The estimate then makes sense by taking an element of the class 
in L°° that is zero outside of supp(/) and that is bounded by ||/||j;,oo. 

For functions compactly supported in the Xa variable, we have the simpler estimate 


\h{Za,Xb)\<CX^\\f\\^. 




( 2 . 10 ) 
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2.3.2 Fourier multipliers 


Finally, we also need to introduce frequency localization functions, i.e. appropriately smoothed Fourier 
multipliers. Let m{^a) be a smooth radial function (i.e. depending only on |^a|)) compactly supported 
(in |^a| < 1) such that m(^o) = 1 for |^o| < 3/4. We shall denote by the Fourier multiplier M>^u = 

m u, that is 

{M^^u){Xa,Xb) = J^a{u){^a,Xb)^ {Xa), 

where J/j denotes the Fourier transform in the variable Xa only. Given A, /x > 0, we shall denote by 
the Fourier multiplier of symbol m^{^a) = Tn\ be. = m\ or 

{M^u){Xa,Xb) = J^a{u){^a, Xb)^ {Xa), 

with, according to the above notation for the subscript A, 

TOA(^a) = J dx/a- 

Note that in this definition, the symbol is first regularized and then dilated. We hope the notation 
(with the subscript for the regularization and the exponent for the dilation) will not be confusing for the 
reader. Note also that these Fourier multipliers only act in the variable Xa- 

2.4 Some preliminary estimates 

In this section, we state several technical lemmata of commutator type, needed to prove the main local 
result Theorem 3.1. The proofs can certainly be omitted by the hurried reader. The spirit is that all the 
estimates that we would expect for exact cutoff are true with their analytically regularized version, up to 
some term exponentially small in term of A. So, the important fact in all the estimates is the uniformity 
with respect to A and ^ as large parameter. 

2.4.1 Some basic preliminary estimates 

Lemma 2.3. 1. For any d > 0, there exist C,c > 0 such that for any /i ,/2 € L°°(IR") such that 

dist(supp(/i), supp(/ 2 )) > d and all A > 0, we have 

\\fuxf2h^ < Ce-^^ ll/ilLoo \\f2h^ , < Ce-^^ II/iIIl~ IIMIl- ■ 

2. If moreover /i ,/2 G (^“(M”) have bounded derivatives, then for all fc G N, there exist C,c> 0 such 
that for all X > 1, we have 

3. Let /i ,/2 G L°°(IR"“) such that dist(supp(/i),supp(/ 2 )) > 0 . Then there exist C,c > 0 such that 
for all A > 1, for all k € N, for all fj, > 1, we have 

\\fl,\iDa/T)f 2 {Da/T )\\’ 

||/l.A(L>a/Ai)/2.A(L>a/Ai)llx/<=(R»)^_f/<=(R») < 

Proof Let us set d = dist(supp(/i), supp(/ 2 )) > 0. We have 

|/i,A(a;a,a;&)| < GA”“/2||y^||^„„ f e dya- 

Jyaesupp„,^(fi{-,xb)) 

Moreover, for all Xb G M"*’ we have 

distR-a (supp,jJ/i(-,a;&)),supp,,J/2(-,a;6))) > d, 
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so that for all x = {xa,Xb) € supp(/ 2 ), we have \ya — Xa\ > d in the above integral. As a consequence, we 
obtain, for all x = (xa,Xb) G supp(/ 2 ). 


|/i.A(a;a,a; 6 )| 


< 

< 


J\ya-Xa\>d 


d 2 /a<q|/i||L~A "“/2 / e-^ dy, 

d\ya\>d 


which provides the first estimate in item 1. 

The second estimate is obtained by decomposing 


fl.xf2,X /*l.A/2,Aflvois(supp(/2),(i/3) yi,A/*2,Aflvois(supp(/2),rf/3)^ ; 

and applying the previous result to the products /i,Alvois(supp(/ 2 ).d/ 3 ) and / 2 .Alvois(supp(/ 2 ),d/ 3 )-. where all 
the supports are disjoint as required. 

Item 2 is proved by induction on A: € N. For fc = 0, it is precisely the first estimate of item 1. Now 
assume that it holds for k—1 and write ||/i,A/ 2 '«||i/'= < ll/i,A/ 2 'w||//fc-i + ||V(/i^A/ 2 M)||Hfc-i- It only remains 
to estimate ||V(/i_A/ 2 w)||//f.-i: for this, it sufficies to write 

V(/i.a/2m) = (V/i)a/2 M + /nAV(/2)u) + /i.a/2V(u), 

where all functions have the appropriate support properties to apply the case k—1. This finally yields 
II V(/i,A/ 2 w)||//fc-i < + C'e“‘^^|| Vwll/ffc-i and concludes the proof of item 2. 

The proof of item 3 only relies on the fact that for any k gN 

\\fiADjfi)f2{Da/y)\\ \\flAUk)f2{Ud)\\L^ = II/ 1 .A/ 2 IL 0 . , 

(and similarly for the other term) and the use of item 1. □ 

Similarly, we have 

Lemma 2.4. Let /2 G with all derivatives bounded, and d > 0. Then for every k G N, there exist 

C,c > 0 such that for all fi G such that dist(supp(/i),supp(/ 2 )) > d and all A > 0, we have 

||/i.a/2 ||^. <Ce-=^||/i||^.. 


Proof. We have 


so that 


fl.xf2iXa,Xb) = ( — 


|/l.A/ 2 |(a:a,X 6 ) < ( — 


f2iXa,Xb)fl{ya,Xb)e ^ 




dya 


'\Xa-ya\>d 


\f2iXa,Xb)fliya,Xb)\e ^ 


-iba-yal" 


dya 


< ||/2||l~(R") (l|'l>d6 *K"“ IfA^Xhi^iXa). 

As a consequence, using the Young inequality, we have 


/ A A " 

A 1 |2 

1 47r / 



LH 


II/i.a/2||l2 < ||/2||l“(R") 
and, using (2.5), we obtain 

II/i.a/2||l 2 < C'e“''^||/2||Lc=o(R«)||/i||i2(R„), 


ll/l|lL2(Rn), 


which implies the result in the case k = 0. We obtain the case A: > 0 by differentiating and applying the 
same result (see e.g. the proof of Lemma 2.3). □ 
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Lemma 2.5. Let ip : M" —>■ M &e a C°° function, fi G C°°(M) with bounded derivatives and /2 G 

such that dist(supp(/i o ^),supp(/ 2 )) > 0 . Then, for all fc G N, there exist C,c > 0 such that for all 

A > 0, we have 


Proof We prove the estimate ||/i,a(V’)/ 2 ||j;,oo(rt,) < Ce~‘^^ which implies the result in the case fc = 0. We 
obtain the case fc > 0 by differentiating and applying the same result (see e.g. the proof of Lemma 2.3). 

Since /2 G the set K := ^(supp(/ 2 )) = {if{x)-, x G supp(/ 2 )} is a compact set of M. Moreover, 

the assumption dist(supp(/i(V')), supp(/ 2 )) > 0 implies that dist(supp(/i), iG) > 0. Indeed, otherwise, we 
would have supp(/i) D V'(supp(/ 2 )) 7^ 0 : taking t in this intersection, there would be a; G supp(/ 2 ) such 
that ^f{x) = t G supp(/i), i.e. x G supp(/i(^/’)), which contradicts the assumption. Now, note that 
x G supp(/ 2 ) implies that '4>{x) G K, so that we have the pointwise estimate I/ 2 I < ||/2 ||l°°1a: o i/j on M”. 
As a consequence, we have 

||/i.a(V')/2|L=o(r„) < C||/i,a(V^)1k(V')IL=o(r„) < C II11^=0(r) < C'e-=^ 

where we have used Lemma 2.3 together with dist(supp(/i), AT) >0. □ 

Lemma 2.6. Let /i ,/2 G such that fi = 1 in a neighborhood o/supp(/ 2 ). Then for all k G N 

there exist C,c > 0 such that for all A > 0, and all u G we have 

||/2 ,a9“'u||p < C ||/i,Au||fe + ll'ullj,, for all a such that \a\ < k; 

\\f2.xu\\„< C||/i.An||, + Ce-=^||n||,. 

Proof. Let d = dist(supp(/ 2 ), supp(l — /i)) > 0. Thanks to the first item of Lemma 2.3, we have 

||/2,Allvois(supp(/2),d/3)‘^'5 ll’^^llfc- 

Concerning the other term, we use again Lemma 2.3 applied to lvois(supp(/ 2 ),d/ 3 ) ^^d some 9“(1 — /i) 
(using i9“(/i,a) = (9“/i)a), to obtain 

II/2,Alvois(supp(/2),(i/3)^ ^llo ~ ||/2,AlLvois(supp(/2),(i/3)^ (/i,A'^)||q 

“f II/2,ALvois(supp(/2),(i/3)^ ^((1 -/i.a)«)||o 

< ||/2.Alvois(supp(/2).<i/3)9“(/l,AM)||o + ||u||j, . 

Writing then 


II /2.Alvois(supp(/2),d/3) d^ih.xu)^ <C\\d^{h^xu% < C||/i.A«||, 

concludes the proof of the first estimate of the Lemma. 

The second inequality follows from noticing that d°‘{f 2 .xu) is a sum of terms of the form {d^ f 2 )xd°‘~^u 
for which we can apply the first part of the Lemma. □ 

Lemma 2.7. Assume mi, m 2 G L°°(IR"“) are bounded by 1, and satisfy dist(supp(mi), supp(m 2 )) > d > 0. 
Then, there exists C > 0 such that for all f G L°°(IR"'’; L°°(IR"“)) satisfying iPaif) G L^(M"“)) 

and all /x, A > 0, we have 

\\'nT'l,xiDa/T)f{^)''^2,xiDa/T)\\L2(R<ri)^]^2(]^n'^ < ll■^<^(/)llL“(R"^>;Ll(R"a)) 

and 

||TOl.A(L)o/A)/(a^)TO2(fc?a/A)||j;^2(R„)_>^2(Rn) < I!(/) || j;,oc. (Rn^ . (r„o )) 
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Proof. We begin with the first estimate, the second one being simpler to handle. We denote ^{fa) = 
Wj,a(Co/m) for j = 1 , 2 , and, to lighten the notation, set / = J^a{f) (in the proof only). We set = 
l|D„|<<iM/3/ (that is /l (0 = l|4„|<dp/3/(6) and Jh = ^\D^\>d^L/3f■ We first have 


^i.\{Da)fH{x)m'^ADa) 


< fH 




lL“Li(l4ol>d;i/3) 


Then, it remains to estimate |m(*_,^(Ila)/L(a;)TO2 _),(Ila)| • We work in the Fourier domain: for 

u G L^(IR"), we have 

Ta{m^^^iDa)fL{x)mf^^^iDa)u){^a,Xb) = fL{fa,Xb)* Xb) , 

where * denotes the convolution in the variable only. Now, we set fhi = lvois(supp(mi),d/3) and TO2 = 
lvois(supp(m2).d/3). satisfying ||toj||l=o < 1 and 

dist(supp(mi), supp(m2)) > d/ 3 . 


We write 

’^1,a(C<i) fLi^a,Xb) * {m^2,X{fa)u{ia,Xb)) = Fl+h'2+y3, 

with 

Yi = fL{£.a,Xb)* {m‘fm'^^^{ia)u{£.a,Xb)^ 

V 2 = (1 - fLifa,Xb) * (m!frrit/^^{fa)u{L,Xb)^ 

^3 = fL{L,Xb)* (^il-mtf)nii/^^{fa)u{fa,Xb)j . 

The term Yi vanishes since fh^mi/ ^{fa)u{fa,Xb) is supported in ^a/l^ G Vois(supp(m2), (i/ 3 ); hence, 
using that supp(/l) C {|Ca|/M < d/ 3 } the convolution fLifa,Xb)*(mt}m2^^{fa)u{fa,Xb)j is sup¬ 
ported in fa/fJ' G Vois(supp(m2),2d/3) which does not intersect the support (in ^o/m) of fhi that is 
Vois(supp(mi), d/ 3 ). 

Concerning the term I2) Lemma 2.3 implies {1 — rhf/)m^^ < Ce~‘^^. This, together with the 

Young inequality in the variable and the uniform boundedness of m^rni/ yields 


{1 - friL^Xb)* (m^rnl/^{^a)ui^a,Xb)) 

< (I-to(')to('^^ /l ll-^a(M)|lL 2 (R-axK"->) 

^b^ia 

The term is treated similarly and the proof is complete. 

The second estimate of the Lemma follows the same proof and is actually simpler because the term 
(1 — 7712)1112 is zero. □ 

Lemma 2.8. Assume fi, f 2 G L°°(M.") are bounded by 1, and satisfy dist(supp(/i),supp(/ 2 )) > d > 0. 
Then, there exists C > 0 such that for all m G L°°(IR"“) satisfying m G L^(IR"“) and all A > 0, we have 

||/l,A(x)TO(i:)a)/2.A(a;)||^2(R„)^i2(R„) < II ^11 Li (|,,„ | >d/3) + || m|| (r„„ ) 

and 


||/l,A(a:)TO(I?a)/2(a:)||2,2(R,>)_,,j;,2(Rn) < Ilfo-llLidr/al^d/S) Ilfo-llLqR".!) • 


18 



Proof. This is essentially the same proof as the previous Lemma except that we have to be careful that 
the functions fi depend on all variables, while m only depends on the variable Xa € Again, we set 

rriL = l|D„|<d/ 3 W (that is rnl{r]a) = l|^„|<d/ 3 w(? 7 o)) and mn = l|D„|>d/ 3 W. We first have 

\\fi,\{x)'mH{Da) h.\{x)\\ L2(R")_>.L2 (r„) < 

^ llLi(R"a) < ll^llLi(|j7„|>d/3) • 

Concerning the second term, and denoting tol = T~^(rnL), i-e. friLiria) = mL{—r]a), we have 

.fl.\{x)mLiDa)f 2 ,\{x)u= fi^\{x) friL *R"a (f2,\{-,Xb)u{-,Xb)). 


We then remark that we can finish the proof as in the previous Lemma: introducing fj := lvois(supp(/ ),d/3)) 
j = 1,2, we notice that we have 


supp [rriL 


f2f2,\U 


C Vois(supp(/2),fi/3) + {(a;a,0), \xa\ < d/3} C Vois(supp(/ 2 ), 2d/3). 


Moreover, Lemma 2.3 still yields 


(1 - h)hp 


<C'e-=^ j = l,2. 


so that the proof then follows exactly that of Lemma 2.7. We obtain the second inequality similarly. □ 
Lemma 2.9. Let k gN and f € Then, there exist C,c such that, for any A,/x > 0, we have 


M^hil - Ml^) 
(1 - 


H>‘( 




>ff'‘(R") 

(R") 


< +C'e-‘=^; 

< +C'e-"^. 


Proof. Note first that iFaid}/^dd^f\){fa,Xb) = (*^a)“e '""a' dd^iFa{f){fa,Xb)- Hence, for k = 0, the result is 
a direct consequence of (the first estimate in) Lemma 2.7. Note that we also use the fact that (1 — m)x = 
1 - mx. 

For A: > 1, the proof proceeds by induction, noticing that 


V 


(1 - Ml^)fxM^u 


(1 - Ml^){Vf)xM^u + (1 - Ml^^)fxMyu 


(see e.g. the proof of Lemma 2.3). □ 

Lemma 2.10. Let fi and /2 G C°°(M") bounded as well as all their derivatives, with 

dist(supp(/i),supp(/ 2 )) > d > 0. Then for every k G N, there exist C,c > 0 such that for all ^ > 0 and 

A > 0, we have 


XJ2\\hI‘( 


¥H>‘( 


< Ce-^^ + Ce 


— cX 


Proof. We first prove both estimates for fc = 0, by using Lemma 2.8 with m replaced by mb = mx 
The Fourier transform of mb is given by 


mbiVa) = T"‘‘‘d^a{mx)it^Va) = M”“e’ 




' iVaT) ■ 


As a consequence, we have 

d2 2 

and < ||rh||ii(R„„), so that 


^2 2 

ll’^*'llibha|>d/3) + < Ce + Ce 


— cA 
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Lemma 2.8 then yields the sought result in the case k = 0. 

Again, for fc > 1, the result is proved by induction noticing that 

V [fi,xM^f2,xu] = (V/i)aM^/2.am + /i.aM^(V/2)au + /i.aM^/2,aVu, 

and using that the relative support properties of V/i are preserved (see e.g. the proof of Lemma 2.3). □ 

Lemma 2.11. Let fc € N and let f e Then there exist C, c > 0 such that for all fj, > 0, A > 0 

and u € we have 






+ C 


, g-cA 


ifc ■ 


( 2 . 11 ) 


Moreover, for any fi € C'°°(M") bounded as well as all its derivatives, such that fi = lona neighborhood 
o/supp(/), for any k gN, there exist C,c > 0 such that for all ij. > 0, X > 0 and u G iL^(IR"), we have 


II/aM^II, <C\\M^h,xuL + C e-^^+e 


^—cX 


\k • 


( 2 . 12 ) 


Proof. We write 


||Mj:/Au||, < M^fxMl^u + M^Jx{l-Ml^)u 

k 


< C ( 


2.9, we first have 

M^fxil- 

M^fxMl^u 

< 

k 

h 


The first term is 


simply estimated by 

Concerning the second part of the Lemma, we write 

||/aM>||, < \\ fxM ^ J ,, xu \\^ + ||/AMj:(l - /i)au||, . 

For the first term, we only have to remark that WfxM'^fixuW^ < C ||M)(/i am|| uniformly in A. Then, 
using the assumption dist(supp(/), supp(l — /i)) > 0, Lemma 2.10 applies and yields 


||/AM,^(l-/i)Au||,<C(e-^^+e-^^ 
which eventually proves (2.12). 


I k 1 


□ 


Lemma 2.12. Let k G N and f G (^“(M”). Assume supp(/) C (Jig/ where {Ui)i^i is a finite family 
of bounded open sets. Let bj G C“(M") such that bj = 1 on a neighborhood of Ui. Then, for any k G N, 
there exist C,c > 0 such that for all p, > 0, X > 0 and u G iL^(M"), we have 


\\M^hu\\^<Cj 2 Ml^ih)xu 


C 




Ifc ■ 


Proof. Applying the first item of Lemma 2.11 to /, we obtain 


||Mj:/Au||,< fxMl^u 


C 




\k ' 


(2.13) 


Let now (fi)i^j be a smooth partition of unity of a neighborhood of supp(/) such that 
^ /i = 1 in a neighborhood of supp(/), supp(/i) Clip 0 < fi < 1. 


iei 


Note that in particular, 5^ = 1 in a neighborhood of supp(/i). Using the second estimate of Lemma 2.6, 
we have 




< C 


^(/.)AMfu 


+ Ce 


— cX 




+ Ce 


— cX I 


Ifc • 


(2.14) 
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Using the second estimate in Lemma 2.11, we then obtain 


C ( e-^‘^ + 


{h)xMl^u <C Ml^{h)xu 


which, combined with (2.13) and (2.14) concludes the proof of the Lemma. 


Ik ’ 


□ 


Lemma 2.13. There exists C > 0 such that for all D and x € L°°(IR) such that supp(x) C (—oo, D], 
for all A, r > 0, we have 

K^Xx(z)\ < C ||xIIl~(b) (A)'/" I for all z G C; 


||e^’^XA(^)|L^(R„) < C||xILo.(k) (A)'/2e^"e^, for all tf G ^“(M";®). 

Proof. First, according to (2.9), we have the estimate 

Ixa(^)| < C'IIxILoo(r) for all z e C. 

Now, if Re(z) < D, we use the bound \e^^\ < e^'^, which yields |e'^^XA('Z)| < IIxIIl=o(m) g-Or^ 

Next, for Re( 2 :) > D, we have dist(Re(z), suppx) > Re(z) — D > 0, and 

|e"^XA(z)| < 


Finally, we have 


s>D X 


=supfe"(^+‘)e-^‘') = sup fe“ 

^ t>0 ^ ^ t>0 ^ 


sup (e e 

s>D 


which concludes the proof of the first estimate of the lemma. The second estimate of the lemma follows 
from the first estimate for z = s G 'R combined with 


"’^Xa(V’) 


= l|e^*XA(s)|h 


□ 


Lemma 2.14. There exist C, c such that, for any s, r. A, /i, > 0, for any k G'N, we have 


e-^(l-MP) 


< e +Ce 


— cA 




Proof. Since the operator e ' 2 ?' (1 — M^) is a Fourier multiplier, we are left to estimate 
sup^^gR„„ \e~ ' 2 ?' (1 — 77 ^^(^))|. Recall that m G (^“(M”"; [0,1]) is a radial function that we identify 
below with a function m = m{s) G C“(M''"), satisfying supp(to) C [0,1) and m = 1 on [0,3/4). We 
distinguish the following two cases: 

• If |s| < 1^/2, Lemma 2.3 applied with /i = (1 — m\{s)) and /2 = l|s|<i /2 implies |l|s|</i/ 2 (l ~ 
iTix{f[))\ < Ce~‘^^ uniformly with respect to A,/r > 0; 

• If |s| > Ai/2, we simply have |l|s|>^/ 2 e“^(1 - toa(J))| < e“^. 

Combining these two estimates concludes the proof of the lemma. □ 
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2.4.2 Some more involved preliminary estimates 

We will need the estimate of the following Lemma. 

Lemma 2.15. Let ip he a smooth real valued function on M", which is a quadratic polynomial in the 
variable Xa € M"“, let R„ > 0, and a € Cf°(BRr^(0, Rcr))- Let x G with supp(x) C (—oo,l), and 

X € such that X = 1 on a neighborhood o/ (—oo, |), supp(x) C (—oo,2), and set xs{s) ■= x{s/5), 

X 5 (s) := x{s/5). Let f € be real analytic in the variable Xa in a neighborhood of R^) and 

define 


ff = e"VA(V')X5(V')M GCo“(M"). 


Then, there exists co,ci > 0 such that for all N G N and P G N"’’, there exist C > 0 such that for all 
6 > 0, there is Eq > 0, so that for any A > 1, r > 0, and 0 < e < Eq, we have 

K-^a(ff)(?a,Xb)| < C(U-^(r + rl + l)^+l^lA("“ + W" 

In particular, for aZZ (5 > 0, TV G N, /? G N"’’, there is C, c, Eq > 0, so that for any A, r > 1, and 0 < e < Eq, 
we have 

Kj^ai9ma,Xk)\ < ^ ^ 


Proof of Lemma 2.15. First, we prove the result for iV = 0 and P = 0 (the other cases shall be obtained 
by differentiating g). 

Let us denote by > 0 a real number such that supp(/) C B{0,R'j:) and Kh C i?R"6(0,i?^) the 
projection in the variable Xb of the support of /. Kb is compact since / has compact support. The function / 
being real analytic in the variable Xa in a neighborhood of the compact set B^^a. (0, R^), there exists Rf > 0 
such that / can be extended in an analytic way in a neighborhood of Za G Br^o. (0, Ra- + Rf) + iBRna (0, Rf), 
uniformly for Xb G Kb. Note that Za denotes the complex variable associated to Xa, and we can also impose 
that 0 < Ra + Rf < R'f. 

Notice also that we can extend x by 1 (hence analytically) on a neighborhood of (—oo, |)+zM. Moreover, 
since ip is quadratic in Xa, there exists Eq = Eo{S) > 0 such that 

(^ip{Re{za),Xb) < ^6 < ^6, I Im(za)| < eo-R/. Xb G Kb^ Re{ip{za,Xb)) < ^S, (2.15) 

(^pj{Re{za),Xb) = ^S, I Im( 2 a)| < £o^/, Xb& Kb^ ^Re{ip{za,Xb))>^S. (2.16) 

In particular, x{ip{za,Xb)) = 1 on 

^V>(Re(za),a;&) < < ^( 5 , \lm{za)\ < eoRf, Xb G Kb^ . 

As a consequence, given Xb G M”*’, the function 

2:0 XS,\{i’iZa,Xb))xs{lp{Za,Xb)) 

is an analytic function on a neighborhood of {xa G ,^p{xa,Xb) < |(5} + ii?R"o (0, EqA/). Hence, 
Za > g{za,Xb) is holomorphic in a neighborhood of 


4 _ _ 

Alxt(eo) := ( {ip{xa,Xb) < viJ} n HR«a (0, i?cr + Rf) ) + zi^R^a (0, Eq!?/). 


The plan of the proof is first to estimate g in the complex domain, and then bound its Fourier transform 
using a complex deformation. We use the analyticity inside of Ala:,,(Eo) and the smallness elsewhere on the 
real domain. 
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Step 1: uniform estimates on the function g. We estimate separately fax and 
and then deduce estimates for g. 

According to the basic estimate (2.10) for ax, we have, uniformly for Xb € K”*’ 

\{fcTx){Za,Xb)\ < 0, ei?R.40,i?<.+i?/)+zSB"40,i?/), 

where the constant C depends only on ||/||j;,oo (on the previous complex domain), ||fT||Loo and R'^. 

In particular, we have for any e G [0,1], 

\{fax){za,Xb)\ < G (0, i?,, + %) + zBr.^O, ei?/), G (2.17) 

We now notice that 

dist(Xa,SUpp(T(-,Xb)) > dist((Xa,a;&),.B(0,i?cr)) > \Xa\ - Ra, for \Xa\ > Ra+ Rf- (2.18) 

As a first consequence, we have dist(a;o, supp cr(-, x;,)) > Rf if \xa\ = Ra + Rf, so that for any 
£ G [0,1], we obtain, uniformly for Xb G K"'’ 

\{fax){za,Xb)\ < ^2.19) 

I Im(za)| < sRf, I R.e(za)| = Ra + Rf 

Using now the estimate (2.10) for ax on the real domain together with the boundedness of / and (2.18), 
we obtain, uniformly for Xb G M"’’ 

\{fax){xa,Xb)\ < 

< a;aGM”“, \xa\>Ra+Rf- (2.20) 

We now estimate the term e'^'^xs,\{'f’)xs{'f’) in parts of the complex domain. 

First, on the real domain, we have 

|e^'*XyA(s)x5(s)| < e^'^^|x5.A(s)X5(s)| < s > ^5, 

after having used (2.6), where c is a numerical constant. As a consequence, we obtain 


\e'^^(^‘^’^>>'^Xs,\i'^i^a,Xb))X5i'f{za,Xb))\ < C'A^e^'^^e 


25t ^ — c5^\ 


if 'tp{Xa,Xb) > -(5. 


Next, for z G C, using Lemma 2.13, there is C > 0 such that for all (5 G M and all A > 1 , r > 0, we have 

\e^"xsAz)\ < for all z G C. (2.22) 

Using that ^ is a quadratic polynomial in the variable Xa, with real coefficients, we have 

I Im(V’(Za,Xb))| < C\ Re(zo)|| Im(za)| + C{Kb)\ Im(zo)|, {za,Xb) G C”“ x Kb, 

where we have used the fact that Kb is compact. As a consequence, there is a constant Co = Co{tp, Ra, Rf,Kb) > 
0 such that 

\lm{tp{za,Xb))\ < eCo, for Za G (0, + i?/) + z^R^a (0, ei?/), Xb € Kb- 

Hence, using (2.22), we obtain, for all e G (0,eo) 

A'^''''’^''^'’AsAAza,Xb))xsA{za,Xb))\ < CA^/^e^^, Xb & Kb,Za & AxtA)- (2.23) 

According to (2.9), we also have 


Ix<5.a(^)I < e-Tdist(Re(z).supp(x.)) < (^;^ig4|Im(z)| A^ On Re(z) > -(5, 
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where c is a numerical constant. Using (2.16), this yields 

\X5,\iipiza,Xb))\ < 
and, with (2.15), this implies 


Xb G Kb,Za G Axti^)^'>P(J^^iZa),Xb) = -6, 


4 

Xb G Kb,Za G Axb{£),fp(Re{Za),Xb) = -S. 


(2.24) 


Let us finally gather all estimates obtained on the function g. Multiplying (2.23) with (2.17) and (2.19), 
there is a constant Ci > 0 independent on A, /r, t, d, e such that, for any e G (0,eo), 

\g{za,Xb)\ < Xb £ Kb, Za & A^tis), (2.25) 

\giza,xb)\ < Xb € Kb, Za € A,,ie),\Reiza)\ = Ra + Rf-( 2 . 26 ) 

Next, multiplying (2.24) and (2.17) we also have 

\g{za,Xb)\ < Xb & Kb,Za & Axt{£),ij(Re{za),Xb) =‘^S. (2.27) 

Combining (2.20) with (2.22), and rewriting (2.21), we also have on the real domain 

\9{xa,xb)\ < x, G M”“, |xa| > i?. + i?/, G M"S (2.28) 


\9{Xa,Xb)\ < CA^e^'^'^e Xa &M.^AXb ,tp{Xa,Xb) > ^S. 


(2.29) 


Step 2: estimating the Fourier transform using a deformation of contour in the complex 
domain. We now want to estimate Rai9){^a,Xb) uniformly with respect to Xb- We split the integral as 


^a{9){^a,Xb) = / e ^^^'^^g{Xa,Xb)dXa=Io-\-Il-\-l2, 

jR^a 


with Ij = Ij{^a,Xb) defined by 

Io -= f , h ■■= 


' \Xa\<Ra-\-Rf 


1 h '•= 


'\Xa\>Rcr-\-Rf 


Using (2.28), we obtain, for all 5, r > 0 and A > 1, 


h\ < CA(”“ + l)/2g5rgV 


-)(ko| 


'\Xa\>R(T+Rf 
r+oo 


2 r‘-\-00 2 

< CA(”“ + l)/2g5rgV / ^ l^^(„„ + l)/2g5rgVg-^A 

J s—Rf 


s=Rf 

Using (2.29), we obtain, for all 6,t > 0 and A > 1, 

\Ii\ < 


(2.30) 


(2.31) 


We now want to estimate the integral Io{^a,Xb)' we write Xa = 2^i||^ + x^ for xi = Xa ■ ||^ and x'^ 
such that x'^ ■ = 0 and make the orthogonal change of coordinates to {xi,x'^) (preserving the ball 

i?R"a {0,Ra + Rf)). This yields 


Xb) / 

Je 


Bmna (0,i?„+/J/)n{'i/)(',a;i,)>|<5} 
/ . 

■ia,Xb 




' (O,i?o- + -R/) 
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with / e x'„)dxi, 

J\xi\‘^<(Ra+RjY — \x'^\‘^,'ili{xi,x'^,xi,)<iS 

so that 

\Ioi^a, Xb)\ < C sup \^ia,xAx'a)\- 

x'^GB^ria-l (0,R„ + Rf) 

Hence, it only remains to estimate uniformly. Now, g being analytic in a neighborhood of 

-^xti^o), and given any x'^ G (0,i?o- + Rj), the function zi i-G x^) is holomorphic in a 

neighborhood of the set 

|R-e(zi)|^ < (i?^+ i?/)^ - |x'„|^ ■ipiRe{zi),x'^,Xb) <‘^S, | Im( 2 ;i)| < ei?/. 


for e e (0,£o). 

Now, we have 

{xiGM, \xi\'^ < {Ra + Rf)'^ - \x'J'^ , il){xi,x'^,Xb) = \J[al,al], 

kej 

where J = J{x'^,Xb) has 0,1 or 2 elements since i/' is quadratic. Moreover, we have 

either \al\^ + = {R^ + R/f, or i;{al,x'^,Xb) = ^6 (2.32) 

for fc G J and i = 1,2, together with 

^i.,xdx'a) = Y1 i e-“il«“l6f(xi,x;)(ixi. 


To estimate we now make a change of contour in the complex variable zi as follows: 


and 


II + It + Ir, 

with /* = / 


Ji* 

IL = 

[al,al - ieRf], 

It = 

[al-ieRf,al- 

IR = 

l^k isRf , Q;^], 

C (see Figure 2). We have 



141 < [ 15(^1,x'J|4i, for* = 4T,i?. 
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On jL and jr, using (2.32) and Im(zi) < 0, we can use either estimate (2.26) or (2.27) and obtain, 
uniformly in x'g^,^a,Xb, S,t > 0, X > 1, and e € (0,eo('5)) 


\Il\ + \Ir\ < 




On 'jT, we have {zi,x'^) € Ax^{s) and Im(zi) = —sRf, and thus using (2.25), we obtain, uniformly in 
x'aAa,Xb, (5,t > 0, A > 1, and £ e (0,£o(5)), 


Combining the estimates on Ir, Irj It now proves that there is C > 0 such that for any € M"“, Xf, G i?"C 
5, T > 0, A > 1, and £ < min(£o(5), 


|/o| < C'A(”“+i)/2g5Tg^ 


AA£^g-£i?/|{a| _|_ g 






which, in view of Estimate (2.30) and (2.31), implies the result for fV = 0 and a = 0. 

To obtain the result for G N and j3 G N"'’, we notice that the functions can be written 

as a finite sum of terms that have the same form as the one of the assumption of the theorem with some 
different /, b and xs (with the same support and analyticity properties) and with powers of t“ S~^ for 
W\ + 1/3^1 < |a| + |/3|. The constants in the exponentials do not depend on a, /3 since they are functions of 
'ilj,R^,Rf,Kb only. Noting that (i^a)“9^,-^a(5)(Ca,a;^) = Aa{d^^d^^g){^a,Xb) finally concludes the proof 
of the lemma. □ 

As a consequence of the previous result, we now have the following lemma. 

Lemma 2.16. Under the assumptions of Lemma 2.15, we have the following. For all k gN, 6 > 0, there 
exist N G N, C, Co, £o > 0, such that for any X,fj,,T> 1 and 0 < £ < £o, we have 


M^^^gil - M^) 
(1 - 


< C'T^A("“ + l)/2g5rg4 / C£"Ag-coeM + , 

r/'=(R")-5-r/'=(R") V / 

< C'T^A("“ + l)/2g5rg^ / Ce"Ag-co£M f,Sr^-co\\ _ 

ff'=(R")-i.ff'=(R") V / 


The estimates of this lemma will only be used under the weaker form: for all c, <5 > 0, fc G N, there 
exist CqjC, N > 0 such that for any r, /i > 1 and c~^g < X < eg, we have 


M^/^g{l - Mj)) 


ff'=(R")-:-ff'=(R") 


< C'T^eVe2'5^e-^“'', 


(2.33) 


with the same estimate for the second term. It is obtained by taking e sufficiently small in the regime 
c“^/i < A < eg. 

Proof. The two estimates are proved the same way, so we only prove the first one. First, Lemma 2.7 yields 
\Mf^^g(l - Mn| 

+ ce-^ . (2,34) 


lH'=(R")-i.H'=(R") 
\a\ + \/3\<k 


Next, Lemma 2.15 with a N G N large enough so that (fa) is integrable on IR”“ yields 


M^/^gil - M^) 


which concludes the proof of the Lemma 


< ^^W+fc^(„„ + l)/2g5.g4 


gCie X^-co€fi _|_ ^St^-cqX 


) 


□ 
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3 The local estimate 


The aim of this section is to prove the local quantitative uniqueness result, (analytically) localized in 
frequency in the analytic variables. 

In the following, we shall denote by 

<Jr{x) := a{R~^\x — a;°|) with a € such that , . 

CT = 1 in a neighborhood of ] — oo, 1], and cr = 0 in a neighborhood of [2, +oo[. ^ ’ 

Owe main local theorem is the following. See Figure 3 for the geometry of the theorem. An important 
feature of this local result is that it can be iterated and hence propagated. 

Theorem 3.1. Let x^ G LI C x M”*’ and P be a partial differential operator on LI of order m. Assume 
that 


• P is analytically principally normal operator in = 0} inside LI (in the sense of Definition 1.5); 

• there is a function (j) defined in a neighborhood of x^ such that (ffx^) = 0, and {<( = 0} is a 
strongly pseudoconvex oriented surface in the sense of Definition 1.6. 

Then, there exists i?o > 0 such that for any R G (0, Rff, there exist r, p, fg > 0, for any d G (M") such 
that d(x) = 1 on a neighborhood of {(j) > 2p} H B{x^,3R), for all ci,K > 0 there exist C,k',I3o > 0 such 
that for all fi < Pq, we have 




m — 1 — 




\\Pu\\ 


L2(B(xO,4R)) 


+ Ce-^ ^ 


for all p> ^ and u G 

Note that this local result contains in particular the unique continuation result for operators with 
partially analytic coefficients [Tat95, RZ98, H6r97, Tat99b] (which it is aimed to quantify). The lat¬ 
ter is proved by letting p -G -l-oo in the estimate (and controlling some error terms), yielding: Pu = 
0 on B{x^, 4i?)), n = 0 on supp(i9) u = 0 on {ct = 1}. 

This theorem allows to systematically quantify this local unique continuation result under partial 
analyticity conditions (in a way that can be iterated/propagated). As such, it also allows in particular 
to systematically quantify both the Hormander and the Holmgren theorems (again, in a way that can be 
iterated/propagated). Let us briefly comment on these two extreme situations: Ua = 0 (Hormander case) 
and Ua = n (Holmgren case). 

Remark 3.2. If Ua = 0, this inequality takes the form: 

\WrU\\^_^<C^{\\M\^-4 + \\Pu\\ ) +C'e|klL-m forall£<eo, 

and hence 

lk^u|L_i < c (||dM||^_i -f ||Ru|lL 2 (B(,,oqfl))) > for some <5 > 0, 

which is an interpolation inequality of Lebeau-Robbiano type [LR95] (see also [Rob95]), and, as such, 
propagates well. Here it quantifies the general situation of the Hormander theorem (see also [Bah87]). 

If Ha = n, we here describe a systematic way to quantify the Holmgren Theorem, which propagates 
well. See also [Joh60] for a local result and [Leb92] for a global result for waves. 

Remark 3.3. The previous inequality can be written in the following way: 

For all iD,p,u) G K+ x [^,-|-(X)) x satisfying 
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{0 = 0 } 


{0 = 2p} 



Figure 3: Geometry of the local uniqueness result. 

Tlue striped region is the observation region (i.e. where = 1). The red striped region is the observed 

region (i.e. where ar = 1). 


we have 

{D + ||u|L_0 . 

This could certainly be written in the framework of propagation of (semiclassical, partially analytic) 
microsupport with respect to the variable Xa, see [Sj682] or [Mar02, Section 3.2]. If = n, it seems related 
to microlocal proofs of Holmgren theorem and the propagation of the analytic wavefront set (see [Sj682]). 

The proof of Theorem 3.1 is divided in three steps, given in Sections 3.1, 3.2, and 3.3 respectively. 

3.1 Step 1: Geometric setting 

The following lemma is a refined version of [RZ98, Lemma 4.1 p514] or [H6r97, Lemmata 4.3 and 4.4]. 
Its proof essentially follows that of ]RZ98, Lemma 4.1]. We state the geometric part for some balls not 
necessary euclidian. This will be useful in the case of boundary where some change of variable are used. 

Lemma 3.4. Let P be analytically principally normal in Ll G M", of order m and principal symbol p. Let 
0 G C^(f2;]R) and S' = {^ = 0} be a oriented hypersurface of LI. Let G S HLl with V0(x°) 0. 

Assume that S is strongly pseudoconvex in fix (G = 0} at for P (in the sense of Definition 1.6). Then, 
there exists H > 0 such that the function 

ip{x) := {x — x°) ■ V0(a:°) + A{(x — a;°) • Va;0(a;°))^ + l-(p"{x°){x — x°,x — a;°) — ^\x — 
satisfies 

1. 'ip{x°) = 0 , V,^,0(x°) = V,^,0(a;°) ; 
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2. Ip is strongly pseudoconvex in H {^a = 0} at for P (in the sense of Definition 2.1). 

3. Let N be a distance function locally equivalent to the euclidian distance. There exists Rq > 0, such 
that for any R G (0,i?o)> there exists rjQ > 0 and for any 0 < rj < rjo, any J 7 i ,?72 > 0 there exist 
p,r > 0 such that we have 

(^{(p < p} n {V' > -p} n BNix°, R)^ C Bn{x°, f), (3.2) 

({■*/'> Pi} n C {(()> p} , (3.3) 

SAr(a:°,r) C {-772 < V’< P2}- (3.4) 


Conditions (3.2)-(3.3)-(3.4) are illustrated on Figure 4. 



iV' = Pil 


V'ip{x°) 


Figure 4: Local geometry of the level sets of the convexified function ip (in the case N =euclidean distance) 


Proof. The first item directly follows from the definition of as a second order perturbation of the Taylor 
expansion of (p at x^. The proof of the pseudoconvexity in Item 2 is very similar to [RZ98, Lemma 4.1] 

or [H6r97, Lemma 7.4]. We sketch it for sake of completeness. 

Let us compute Re {p, {p, ip}}: we have 


Re {p, {p, Ip}} = Re 


d'^p 

dfdx 


dp ^ i 


+c 


dp dp 

df'M 


d'^p dp 
df^ dx 



Since \^ip{x^) = \/ip{x^), we have 


Re jp, Ip, Ip}} {x°,^) = Re (p, (p, 4>}} (x°, £) + 2A 




2 

A 


dp 
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In this identity, all terms are homogeneous of order 2m — 2 in the variable so it is enough to prove 
the estimate for ^ Hence, applying Lemma A.l below on the compact set K = {^ G = 

0,p(a;°,^) = 0}, together with the first part of the pseudoconvexity assumption yields for A large enough 


Re{p, {p,V'}}(a;°,?) > 0, if = 0 and = 0,5b yf 0. (3.5) 

For the second estimate, we compute 

1 1 / Ov dv Ov Ov \ 

= V —(a;,5 + tTV(())+iT(()",, — (x, 5 - trVt/)); — (a;,5 + irV^) j 

-V (|^(x,5-irV^)^(x,5 + irV(^)-zr(/)",, ^{x,^ - + irS/cp) ^ 

~ 5) “f C^t,0,2{^5 5)? 

with 


C'r.0,i(a;,5) := ^ 


Cr,4>,2{^,0 :=2t^L |7(a;>C); ^(a;,C) 


where we have denoted 5 = 5+*'rV^(x). But, we notice that for fixed (a;,5) (and when (/) varies), Ct,<^, i(a;, 5) 
only depends on V<j){x), while is linear in (j)”^{x^), once V5)(a;°) is fixed. So, since tp{x^) = 0 , 

VV’(a;°) = V(j){x°), and -tp'^^ix^) = (^"3,(a:°)+2A*V(()(a;°)V(()(a;°)-|-/(i we have Cr,c/,,iix°,0 = C'r,y,,i(a;°, 5), 

i.e. 


+ 4At V„(/)(x°) • ||(a;°,C) 

In identity (3.6), all terms are homogeneous of order 2m— 1 in the variables (r, 5), so it is enough to prove 
the estimate for (r, 5) € S”, r > 0. We now want this to be positive on the set {(r,5) € S”,r > 0,5a = 
O,p0(a;°,5) = 0} = {(r,5) G S”,r > 0,5a = 0,p^(a;°,5) = 0}. 

For this, notice first that ^ = 2Re{p, {p,4>}}. Hence, we can write 

= v{p,p} + 2t Re {p,{p, (()}} +©(t^), r^0+, (3.7) 

with O(t^) uniform on (t, 5) G S". 

Moreover, by Taylor formula, we have = p + irVcp ■ || + O(t^) = p + iT{p,(j)} + O(t^), with 
0{t'^) uniform on (t,5) G S”. Hence, on the compact set {(t,5) G S",5a = O,p0(a:°,5) = 0}, we 
have p = —trip, (/>} + But since P is analytically principally normal, (1.9) holds and we have 

{PiP} = 0{p) on the compact set {(r,5) G S”,5a = 0}. 

In particular, on the set {(r,5) G S",5a = O,p0(a;°,5) = 0 ,t 0}, we have a constant C so that 

|^{p,p}| < C{\ {p, (/>} I + |t|). Getting back to (3.7), it gives, on this set, the inequality 

- 2Re{p,{p,^}} < C{\{p,(j)}\ + \T\). (3.8) 

Moreover, the first pseudoconvexity assumption (1.10) and Lemma A.l below provide Ci,C 2 > 0 such 
that, on the set {5a = 0} n {|5P = l}, we have 

2 Re Ip, Ip, ^}} + Ci (\p\'^ + \ {p,<p} > <72. 

This is also true by homogeneity for |5| close to 1 with a different constant. Hence, in the set {(r, 5) G 
S”,5a = O,p0(x°,5) = 0,T yf 0}, there exist constants C,C > 0 such that | (p, </>} | < e and |r| < £ imply 

^{P4>,P<I>} >C2-C (IpI^ + I {p,(j)} f + \{p,(j)}\ + |t|) >C2-Ce 
where we have used |p| < C\t\ < Ce on this set. 
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Therefore, there exists e, Ca > 0 such that in {(r, € S",^a = 0,P<p{x^,O = 0:'^ 7 ^ 0}) we have 

\{p,(p}\<£, \T\<e=^ —{p^,p^}>C3. 

We now extend ^{Pif^p^,} to the compact set = {(r,^) € S”,^a = O,p 0 (a:°, 5 ) = 0,0 < r < e}, by 
giving any positive value when t = 0. We are in position to apply Lemma A.2 with g = (its 

extension), / = | {p, (()} p and h = ||(a:°,C) : This yields ^{p^,Pi,}ix°,^) > C on K^. 

The case r > e is easier since A{p^,P 0 } is continuous. We apply directly Lemma A.l using the second 
pseudoconvexity assumption ( 1 . 11 ). 

So, at this stage, we have proved, that there exist C so that for A large enough, ^{p^,p^}{x°,0 > C' 
on {(t, 0 e S”,5a = 0,p,^(a;°,^) = 0, 0 < r}. Since, p^{x^,0 =P4,{x°,0, this yields 

t{p^,P^}{x°,^) > 0, if p,/,(a;°,0 = 0 and = 0,T > 0. (3.9) 

Combining (3.5) and (3.9) implies that ip is a strongly pseudoconvex function in fl n {^o = 0} at x® for P. 

Let us now prove the geometrical part of the lemma, i.e. Item 3. From now on, the parameter A is 
fixed. To simplify the notation, we set a;° = 0 and assume that 0 < p < rj. 

Let Cn a positive constant so that ^iV(a;, 0) < \x\ < CnN{x,0). 

Let us first prove (3.2). We have 

l|a;|2 = -Pj(x) + x- \/<j){0) + A{x ■ V(/)(0))^ + i(/)"(0)(a;,x), 

which implies 

^|a;p <p + x- V(()(0) + A(x • V(()(0))2 + ^(l)"{0){x,x), 

on the set {ip > —rj}- Moreover, the Taylor expansion of (p yields x-W(p{0) + ^(p''{Q){x, x) = (p{x)+f{x) ,with 
|/(a;)| < e(|a:|)|a;p, where e : K+ —> K+ is increasing and e(s) —)■ 0+ as s —)■ 0+. For x € {ip > —r]}r\{(p < p}, 
we thus obtain 

^|a;p <p + p + A{x ■ V^(0))^ + e(|a;|)|a;p <2p + A{x ■ V^(0))^ + €{\x\)\x\'^. (3.10) 

Moreover, for x € {ip > —p}, the definition of ip gives 

X ■ V(p{0) = ip{x) - A{x ■ W(p{0))^ - ^0"(O)(x,a;) + ^\x\'^ 

> —p — {ACq + Col2 + 0)|a;p, 

for Co = max(|V^(0)|, |(()"(0)|). Also, for x G {(p < p}, we have 

X ■ V(/)(0) < (p{x) + C'o/2|a;p < p + Co/2\x\^ <p + C'o/2|a;p. 

Combining the last two inequalities, we obtain for x & {(p < p{ r\ {ip > —p}, 

\x-^m\<ri+{ACl+Col2)\x\\ 

and hence 

|x • V0(O)p <p^ + 2p{AC^ + Co/2)|x|2 + {AC^ + Co/2f\x\\ 

Coming back to (3.10), this yields for x G {(p < p} r\ {ip > —p} 

<2p + Ap^ + 2Ap{ACl + Co/2)\x\’^ + ^(AC'o + Co/2)‘^\x\^ + e(|a;|)|a;p. 
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For x € {^ < p} n {V' > —p} n R), this yields 

j\xf < 2r/ + V + 2ATjiAC^ + Co/2)\x\^ + A{ACl + Co/2f{CNRf\x\^ + e{CNR)\x\^. 

Taking R < Rq with Rq = Ro{A, Cq) sufficiently small such that 

A{AC^ + Co/2f{CNRf + t{CNR) < 

and ry < 770 sufficiently small such that 

2A7^{ACI + C^/2)<^, 

we have by absorption 

\x\^ < 2A{2r] + Ar]^). 

This gives N{x, 0) < ^ as soon as ry < po for ryo = '' 70(^5 Co, R) sufficiently small. This concludes the proof 
of (3.2) for the chosen constants and as long as 0 < p < ?y. 

Let us now prove (3.3). Note that performing exactly the same computation as before with p = p = 0 
and the same R, we obtain 


< o}n{ 7 /> > o}nBA,(o,i?) = {0}. (3.11) 

Assumme that the compact set {'tp > pi} H i?Ar(0, i?) is nonempty, otherwise (3.3) is trivial. The minimum 
of (j) on that set is reached for some point Xm- We have necessary (j){xm) > 0, otherwise, (3.11) implies 
Xm = 0, which is impossible since pi > 0 and 7 / 7 ( 0 ) = 0. So, in particular, x G {ip > pi} n i?Ar(0, R) implies 
(p{x) > (p{xm) > 0. This is (3.3) with some apropriate 0 < p < min(^(a;m), p)- 

Finally, Assertion (3.4) is just a matter of continuity. Since 7 / 7 ( 0 ) = 0, there exists r > 0 such that 
N{x,Q) < r implies | 7 / 7 (a;)| < P 2 . □ 

Remark 3.5. Note that the estimate (3.8) implies in particular that 2 Re {p, {p, p}} is the limit as r —> 0 
of yy{p 0 ,P 0 } on the subset {(r,^) e S”,5a = 0,p^{x°,P,) = {p^,(p} {x°,P,) = 0,t ^ 0}. However, this is 
not used directly in the above proof. 

Now, thanks to Lemma 3.4 and the Carleman estimate of Theorem 2.2, we have the following result. 

Corollary 3.6. Let H = Ha x Hf, C x M"'’ and P be a partial differential operator on H of order 
m. Assume that 


• P is analytically principally normal operator in = 0} inside H (in the sense of Definition 1.5); 

• there is a function (p defined in a neighborhood of x^ such that (p(x^) = 0, and {<p = 0} is a 
strongly pseudoconvex oriented surface in the sense of Definition 1.6. 

Then, there exists a quadratic polynomial t/j : H —)■ M, there exists Ro > Q such that B{x^,ARo) C H and 
for any R € (0, i?o]; there exist £, 5, p, r, d, tq, C > 0, such that | and 

1. The Carleman estimate 


rWQlrU 




<c{\\QtPu\\ + 


gr(p-d)p^ 


+ 


grfo-d)y 


m —l,r 


(3.12) 


holds for all r > Tq and all u € C§°(B(x^, 4R)); 

2. we have 

{b{x^, 5i?/2) \ H(a;°, R/2) n {-9(5 < t/^ < 2(5} ) d {()) > 2p} n B{x°, 3R), (3.13) 

{(5/4 < 7/ < 2(5} n B{x°, 5R/2) (£{(/)> 2p} n B{x°, 3R), (3.14) 

B{x°, 2r) (£ {-(5/2 <ip< 5/2} n B{x^, R). (3.15) 
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Proof. First, Lemma 3.4 furnishes the function if for some A (large enough in its proof) and Rq > 0. Once 
if is fixed, Theorem 2.2 yields the Carleman estimate (3.12) for some constants R, d,To,£, C. Then, we 
take any R < min(R/4, i?o/3) and <5 < min(|, r^o/Q). Finally, applying the conclusion of Lemma 3.4 with 
7] = 96, rji = (5/4, ri 2 = 6/2 implies (3.13)-(3.14)-(3.15), with eventually some different constants, which 
concludes the proof of the corollary. □ 

3.2 Step 2: Using the Carleman estimate 

From now on, we let P and (f be fixed as in Corollary 3.6. The function if, and constants Rq, 

R := Rq (that we fix now) and 6,p,r are provided accordingly by Corollary 3.6, as well as the constants 
d,ro,C' of the Carleman estimate (3.12). We shall moreover assume that there exists C > 0 such that 

—/i < A < C/x. (3.16) 

Actually, at the end of the proof, we will take A = ci/i, but we believe that to keep the notation A makes 
the presentation more readable by making a difference between p which is the frequency and A which is 
the regularization parameter. All the constants appearing in the following may depend upon the above 
ones. 

Before going further, we need to introduce some cutoff functions that will be used all along the proof. 
We first let x(s) be a smooth function supported in (—8,1) such that x(s) = 1 for s € [—7,1/2] and set 

A<5(s) := x(s/'5)- (3.17) 

Hence, x< 5 ('S) is a smooth function supported in (—85,(5) such that x<5(s) = 1 for s € [—76,6/2]. We also 
define x so that x = 1 on (—oo,3/2) and supported in s < 2, and denote as well x< 5 ('S) := x('S/<^)- We 
finally recall that the functions an and a 2 R are defined in (3.1). 

In this part of the proof, we want to apply the Carleman estimate (3.12) (with weight if and constants 
d,ro,C' given by Corollary 3.6) to the functions <J 2 RcrR,\Xs{'/’)xs,\{ff)u (for any u € C“(M")), which is 
indeed compactly supported in B{x^,ARi) (according to the definition of a 2 R as in (3.1)). We first need to 
estimate the following term 

\\Qt^.,.P(T2R(JR^XXs{lp)X5A'4’)u\\^ , 

that will appear in the right handside of the inequality. Using supp(x 5 ) C (—oo,5) with Lemma 2.13, 
together with (3.16), we first have 

\\Qt,TP^2R(^R,XX5{.'f')XS,x{'if)u\\^ < \\Qt^r(^2R(rR,xXs{'if)XS,x{'if)Pu\\^ 

+ \\Qt,T[<^2R<yR,xXs{/’)XS,x{'^f),P]'u\\^ 

+ \\Qt,T[<^2R<7R,xXs{/’)xs,x{'if),P]u\\^. (3.18) 

The main task now consists in estimating the term containing the commutator, that we put in the following 
Lemma. 

Lemma 3.7. With the previous notations and assumptions, for any d € (^“(M") such that i9(x) = 1 on a 
neighborhood of {cf > 2p} H B{x^,3R), there exist C > 0, c > 0 and > 0 such that we have the estimate 

\\Q't [a2R<JR^xXs{/’)xs,x{ip),P]u\\ < M^^i^xu 

^ m—1 

lklL_(^3.19) 

for any u € C'“(M"), /i > 1, A such that (3.16) holds and r > 1. 
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Proof. The operator P can be written P = X]|a|<mwith pa smooth and analytic in Xa in a 
neighborhood of B{x^,AR) C By the Leibniz rule, we have 

Paix)d‘^ i<T2R(JR,XXs{'tl’)XS,\{'^h) 

= Pa{x) C'(„.)5“i(x5,A(V'))'9“"(o-2fl)'9“"(o-K,A)9“^(X5(V’))9“=U. 

ai+a2+Q:3+Q;4+a5=a 

The commutator [xsi'4’)xs,\if’)<X2RO'R^\, P] consists in all terms in the sum where at least one of the is 
non zero, for i = 1, 2, 3 or 4. Hence, we can split it in a sum of differential operators of order to — 1 as 

[P, (J2RO-R,\Xs{i’)xs,\{'tp)] = Bi + B2 + Bs + B4, 


where 

1 . Bi contains the terms with ai 0 and 02 = 014 = 0 ; 

2 . B 2 contains some terms with 02 7 ^ 0 ; 

3. B 3 contains the terms with 03 7 ^ 0 and oi = a 2 = Q !4 = 0; 

4. B 4 contains some terms with 04 7 ^ 0. 

Note that some terms could belong to several categories, and that all terms are supported in {-tp < 
26} n B{x'^,4:R). More precisely, we have 

1 . Bi consists in terms where there is at least one derivative on xs.xif’) ^-nd none on (T 2 _r and xsif’)- 
According to the definition of x and (3.17), there are only two possibilities for the localization of a 
derivative of xs- Since we have x's x ~ |(x 0 i 5 ,Ai then 9“^ (x5,a(' 0)) with oi 7 ^ 0 can be decomposed 
in two categories of terms: we shall use the notation xJx those terms supported in [—8(5, —7(5] 
and for those supported in [(5/2, (5]. Hence, the term Bi is a sum of generic terms of the form 

B± = b±{x)d'^ = f(J 2 Rd>^{aR^x)xtxWxs{fp)d^, 

where |/ 3 |,| 7 |<to— 1, /€ is analytic in Xa in B{x^,-iR), and x^ is a derivative of xs (with 

the above convention for the superscript ±). The function / actually contains some terms coming 
from Pa and some derivatives of 'tp. Notice that in the absence of regularization (i.e. the subscript 
A), H-|_ would be supported in 

( {5/2 <ip<5}r] B{x°, 2i?)) c ({(p > 2p} n {V- < (5} n B{x°, 277)), 
and in {—85 < rp < —76} n B{x^, 2R). 

2. B 2 consists in terms where there is at least one derivative on a 2 R. Hence, B 2 is a sum of generic 
terms of the form 

B 2 = h2{x)d-^ = hdf^{aR,x){x^Ys,xpP)d\ 

where k, |/5|, [yl < to — 1, the function b is smooth supported in B{x^, 4i?) \ B{x^, 2R) and b contains 
derivatives of a 2 R, some terms of Pa{x), and potentially some derivatives of ip or xsif’)- 

3. B 3 consists in terms where there is at least one derivative on (J_r,a and none on xs,x(pp), Xs(pP) and 
(T 2 _r. Hence, B 3 is a sum of generic terms of the form 

B 3 = bz{x)d^ = f(J2Rd^ iaR^x)xs,x{i’)xs{i’)9'^, 

where / is smooth in (xa,Xb), analytic in Xa in a neighborhood of B{x'^,4R), |/5| > 1 and |/3|, [yl < 
TO — 1. Notice also that in the absence of regularization (i.e. the subscript A), B 3 would be supported 
in 

( {-85 < < <5} n B{x°, 2R) \ B{x°, 77)) C [{(p > 2p} n {V' < 5} n H(a;°, 277)) . 
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4. ^4 consists in terms where there is at least one derivative on Xsii’)- Hence, B 4 is a sum of generic 
terms of the form 


B4 = b4{x)d'^ = bd'^ 

where k, |/3|, I 7 I < to — 1 and the function b is smooth supported in i3(x°, 4i?) & [3h/2, 2(5]} and 

b contains derivatives of a 2 R, some terms from pa{x), and some derivatives of 'll) or xsi^)- 

Now, proving an estimate of the last term in (3.18) consists in estimating successively the associated 
expressions with the generic terms B±, B 2 , B 3 , B 4 ; the final estimate then follows as the LHS of (3.19) 
is bounded by a finite sum of such terms. 


Estimating i?_. Starting with i?_, we have, using Lemma 2.13 applied to Xs > 


A* lU 


(3.20) 


(k) — 

Estimating B 2 . Concerning B 2 , we use Lemma 2.13 applied to Xs Lemma 2.3 applied to b and 

5^(o’i?) where supp(&) nsupp((T_R) = 0. This yields 

\\QtrB 2 ul < \\e-^B 2 ul < \\u \\^_,. (3.21) 

Estimating B 4 . For B 4 , we use < e2<5'r |(x^*^)( 5 ,a(V')| ^ C'e on {'ip G [35/2,2(5]} thanks to 

Lemma 2.3 applied to and '^[ 35 / 2 , 2 S\- This yields 

\\QtrB 4 u\l < \\e-^B4u\\^ < \\u\\^_,. (3.22) 

First estimates on and B^. Concerning H*, with ★ = + or * = 3, we have 

WQtrB. 


llo 

e e'^^B^u 

< 

e ^' 2 “' M^e'^^B^u 

+ 

e (1 - 



0 


0 





where the second inequality comes from the application of Lemma 2.14 and the third from Lemma 2.13. 

Next, concerning the term with we have B^ = b^.d'^ where * is either + or 3. So, we 

can estimate 


M^e^^B,u\\^ < 


M^e^'f’b^il - Ml^^)d^u 


M^e'^'^b^Ml^d^u 


where 




I m — 1 ’ 


according to Lemma 2.16 applied in the specific case of (2.33). Note that we use that fcr 2 R = / in a 
neighborhood of B{x'^,2R) D supp(( 7 /j), and fa 2 R is therefore analytic on a neighborhood of this set. 
Next we have 




Combining the four above estimates, we now have 


< 




\QtrB.u\\o ^ 


e'^'l’b^Ml^d'<u\^^ + l|u|L-i • (3-23) 


Now, to estimate the first term of the RHS, we will distinguish whether * = + or 3, using the geometry of 
the "almost" location of each 6 *. 
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Estimating i?+. We have to treat terms of the form 

B+ = h+d^ = fbxXs,\WxsWd^, 

where b = d^^aa), |/3| < m — 1, is supported in B{x^, 2R) and / G We decompose M" as 

M” = Oi U O 2 U O 3 , with 
Oi = {lA ^ [<5/4,2(5]}nB(a;°,5i?/2), 

O 2 = B(x°,5i?/2)", 

03 = {i) &[5lA,25]}r\B{x°,bR/2). 

On Oi, since Xs is supported in [5/2, 5] and using Lemma 2.3 with /2 = l[ 5 / 4 , 25 ]‘=) we have xt\{'^) — 
Moreover, we have on the support of xs- Hence, we obtain 

L^{Oi) 

On O 2 , using Lemma 2.3 with /2 = I 02 /i = ^ then Lemma 2.13, we get 

- 0 ^( 02 ) 

Using (3.14), we can find a smooth cutoff function d such that i? = 1 on a neighborhood of O 3 and 
supported in {(/> > 2p} n i?(x°, 3R). So, for A large enough, we have 'dx > 1/2 on O 3 . Moreover, we have 
|e’’’i’| < on O 3 , and thus, we obtain 

e^'I’b+Ml^d^u < b+Ml^d^u Ul^^d^u 

LROi) ^ L2{Os) ^ L^iOi) 

< ^xMl^d^u dxMl^d^u . 

^ L'^(Oi) ^ L2 

Let /) G (7“ such that 1 ? = 1 on a neighborhood of supp(^) and supported in {^ > 2p} n i?(x°, 3i?). 
This is possible since suppt? C {</ > 2p} n B{x^,3R). In particular, since = 1 on {/) > 2p} n B{x^,3R) 

by the assumption, we have = 1 in a neighborhood of suppr?. Then, according to Lemma 2.6 and the 
properties of i?, we have 

dxMl^d'^u < ixMl^u +e-^^||w|L_,, 

m — 1 

and then 

kMl^u < Ml^dxu +Ce-^n\u\L-i, 

m — 1 m — 1 

according to Lemma 2.11. 

Combining the previous estimates with (3.23), we have obtained 

\\Qt,B+u\\^ < Ml^§xu + ||w|L-i (3-24) 

’ ^ m—1 Y J 

Estimating B 3 . We now treat terms of the form 

B3 = bsd'^ = fbxXsAi’)xs{i’)d'^, 

where b = d^{aB.), with |/3| > 1, is supported in B{x^,2R) \ B{x^,R) and / G (^“(M"). We decompose 
K” as 

M" = O/uOaUOa, with 

0[ = [-9(5,2,5]n{|a;-x°| G [i?/2,5i?/2]}}, 

O' = {\x-x°\i[R/2,5R/2]}, 

O's = {V'G [-95,2,5]n{|a;-x°| G [i?/2,5i?/2]}}. 
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On Oinsupp(x 5 (V’))) we have Ix< 5 .a(V')I ^ e as a consequence of Lemma 2.3 with /2 = 1[_95,25]‘^> 

since xs is supported in [—85, 5]. We thus obtain 

e^H,Ml^d-<u < ||u|L_, < \\u\\^_, . 

L^(Oi) 

On O 2 , using Lemma 2.3 with /2 = lo^ /i = ^ using the support of Xs{i^)i we get 

\\u\\^_, < h|L_i . 

^ (OO 

Using (3.13), we can find a function 'd such that r? = 1 on a neighborhood of O 3 and supported in 
{(j) > 2p} n B{x^,5R). So, for A large enough, we have > 1/2 on O 3 . Moreover, we have 
on Og. This yields 

e^^hMl^d^u < hMl^d^u 

^ L2{0'^) ^ L2{0'^) ^ iUOO 

L 2 (o') 

We can then finish the estimates for B 3 as for B^ to get, combining the above estimates with (3.23), 
\\QtrB3u\\ < Ml^^dXU + + e'5"e-"^L^^e'^"||w|L-i (3-25) 

’ ^ m — 1 \ J 

Combining (3.20), (3.21), (3.24) and (3.25), this concludes the estimate of the commutator (3.19) and 
the proof of Lemma 3.7. □ 

Remark 3.8. In the special case of terms pa{xb)d°‘, that is some coefficients independent on Xa, we can 
have some better estimates uniform in the size of pa 

\\Qt,r['^2RCrR,XXsii’)XsAi’)>Pai^b)d°‘]u\\^ = \\pa{xb)Qt,r[<^2R<J R,\Xs{lp)XS,\{'ip), d°']u\\^ 

< Iballioo \\Qt^^[(J2R(TRpXs{tp)XS,\W,d°']u\\^. 

Also, for a = 0, that is for a potential V{xb), we have [cr2RO'R^xXs,x{i’)xs{'4’),V] = 0, so this term does 
not give any contribution. 

This will be useful in particular for getting estimates uniform to lower order perturbation. 

Moreover, if pa is only analytic in Xa and bounded in Xb, all estimates of the commutator remain valid. 
Indeed, we only use Lemma 2.16 for fc = 0 which remains true in that setting. 

Now, we are ready to apply the Carleman estimate (3.12) to obtain the estimate of the following lemma. 

Lemma 3.9. With the previous notations and assumptions, for any d € C'“(M”) such that 'i9(x) = 1 on 
a neighborhood of {(j) > 2p} H B{x^, 3i?), there exist po > 0, C > 0, c > 0 and N > 0 such that we have 
the estimate 

r\\Qt,r<^2RcrR,xXsA'<P)xs{ip)u\\^_j^.,. < ll^’■w|lB(,,o_ 4 i^)+C'e^‘^^ 

||m|L43.26) 

for any u € C'“(M”), p > po, A such that (3.16) holds and r > tq. 

Proof. We only need to estimate the last two terms in the RHS of Carleman estimate (3.12) (the first term 
being estimated in (3.18) and Lemma 3.7). Since we have chosen 5 < |, we have that 5 < d — 75 so that 
the support of xs gives using again Lemma 2.13, for r > Tq, ^p < A < Cp, 

eB'i’-'^)(T2R(TRpX5,xA)xsA)u < ||m||^_3 

m—l,r 

< (3.27) 
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We also need to estimate the term P<^ 2 RcrR^xXs,\WxsWu- we have 

e'^(’^“d)pcr2i^cri^,AX^.A(V')x<5(V')'« < cF2RaR^\xs,\i‘<P)xsi^)Pu 

0 0 

+ e'"^*~'''>[a2RaR^xXs,\{'ip)xs{'ip), P]u ^ 

< (||^«IIl.(b(.o,4k)) + ll«IL-i) 

< (||Pw||^.(5(,o_4^)) + ||w|L_i) (3.28) 

where we have used several times Lemma 2.13 to xs,xi'ip) or some of its derivatives of order less than m — 1. 
So, the Carleman estimate (3.12) applied to (T 2 R<JrxXs,x{'^)xs{'^)u, together with (3.18), (3.19), (3.27) 
and (3.28) gives for all tq < r, /r large enough, A such that (3.16) holds, the sought estimate (3.26). □ 

3.3 Step 3: A complex analysis argument 

The purpose of this part is to transfer the information given by the Carleman estimate to some estimates 
on the low frequencies of the function and conclude the proof of Theorem 3.1. The presence of the non 

e\Da\’^ 

local regularizing term e 2 ^ makes this task more intricate than in the usual case and imposes to work 
by duality. Following [Tat95, H6r97, Tat99b, Tat99a], the idea is to proceed with the following three steps: 

1. We make a kind of foliation along the level sets of ip'- if we want to measure u, we rather define the 
distribution hf = ip*{fu) by (h/, w)£/(r)_c~(r) = (/«,w(V'))£'(R"),C“(K") and estimate it for any 
test function /. Heuristically, hf{s) is the integral of fu on the level set {'tp{x) = s}. 

2. We notice that the Fourier transform of hf is hf{Q = {fu, and can be extended to the complex 

domain if u is compactly supported. In particular, on the imaginary axis, hf{iT) = (/, ue'^'^). Since 
the Carleman estimate gives information on the norm of e'^'^u for r large, this can be translated in 
some information on hy on the upper imaginary axis. A Phragmen-Lindelof type argument allows 
to transfer this estimate to the (almost) whole upper plan. 

3. Finally, using a change of contour, this information can be transferred to the real axis where we can 
estimate the real Fourier transform hf. 

Note that in the problem of (qualitative) unique continuation, the third step is replaced by a Paley- 
Wiener type argument: a bound of exponential type for \hf{({)\ on C implies some conditions on the 
support of hf. Roughly speaking, if ip{x) = Xi, the problem is to transfer some information on the 
Laplace transform (with respect to the xi variable) (given by the Carleman estimate) to 

some information on the Fourier transform using complex analysis. Moreover, since the Carleman estimate 

only gives some information on e 2 t we need to add some cutoff in frequency to this reasoning. 

More precisely, let us define 

r] e ?7 = 1 in [-1/2,1/2] and r)s{s) := r]{s/S). 

We first prove the following lemma. We then conclude this section with the end of the proof of Theorem 3.1 
by estimating the left hand-side of the estimate of the lemma. 

Lemma 3.10. Under the above assumptions, there exists tq = (||■^/'llL“(B(a; 0 , 4 i^)) + 11 ^)®to > 0 such that 
for any k,ci > 0, there exists j5o,C,c > 0 (depending on 5, i/j d, tq, k, ci, e/, such that for any 0 < /3 < /3o, 
for all pL> ^ and u € (^“(M"), we have 

||M^'"CT2BCrRaX5.A(^)X5(V’)%A(V')M||^_l < C'e"‘=''(iH- ||u||^_J, 

with 

D = e'"'" ^ Ml^'dxu -f ||f’'u|lB(2,o_4R)^ , A = 2 ci/i. 
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Proof. We now follow [H6r97, proposition 2.1]. For any test function / G §(M"), we define the following 
distribution (with /3 > 0 to be chosen later on) 

(hf, w)s>(M),c°°(E) := {{M^^ f )a2R<JR,\Xs,\{'4’)xs{'4’)u, w(V’))£'(B"),C“(R")- 
We choose the particular test functions w = rjs x, and want to estimate the quantity 

{hf, ??5.a)£'(R),C“(R) = {{M^^ f)<72RCrR,\XS,\{i’)Xs{i’)u, ?75,a(V'))£'(R"),C“(R") 

= (M^^(J2i?Crfl,AX5.A(V’)X5(V’)%A(V')M, /)s'(R").S(R"), 

uniformly with respect to / to finally obtain an estimate on \\Mht^a2RcrR^\Xs,\{'fp)xs{'f’)ils,x{'4’)u\\m-i- As 
the Fourier transform of a compactly supported distribution, hy is an entire function satisfying 

hfiO = f)a2RcrRxXsAi’)xs{f’)u,e~"‘^'^) 

= {<J2RcrR,\Xs,\A)xsA)u, e"*‘’’^(M^''/))£/(R„)_C'~(R") 

= (e"A’/'cr2RCTR,AX5.A(V')X<5(V')M, (M^''/))£/(r„),c°°(R"), C G C. 

Using supp((J 2 _r) C B{x^,AR), we have the a priori estimate 

l^/(C)l = l(e"A’^Cr2i^C^i^,AX5.A(V')X<5(V')M, (M^^/))£/(r„),C’“(R")I 

< ||e“*^’^Cr2R(TR,AX5.A(V')X<5(V')w||m-l||(M'^^/)||l_,„ 

< C € C. (3.29) 

Next, for C e ffi, we have 

l^/(C)l = l(e“*^’^0-2RCTR,AX5,A(V')X<5(V')W) (A/‘^'"/))£/(Rr.)_c°°(R")| < llwHm-l ||/|| 1-m, C € 

(3.30) 


Finally, for f G iM"*", f = ir with r > 0, we have 

\hf{iT)\ = |((M^'"/),e'"’^(J2i?CrR,AX5.A(V’)X5(V’)w)c<»(R").£'(R")l 

= |(e*l^“l''(M^^/),e"*l^“l%^’^cr2RCri^,AX5.A(V')X<5(V')M)s(R"),S'(R")| 

< ||e^l^“l''M^^/||l_„||e"^l^“l%'^’^CT2KCrK,AX<5.A(V')X5(V')w||m-l 

< e*^"^"||/||i_^||Q^_^Cr2RCTR.AX5.A(V')X<5(V')M||m-l, 

as l^al < on supp(m^''). Using (3.26), we obtain for all r > tq, /r > 1, < A < C/r, 


|^/(ir)| < gir 

+ e-^ + 


„25t 


Ml^d^u 


Now, we choose 


A = 2ci/i, 


and to simplify the notation we write, for k > 0, 


mA^xu 


+ \\h^AB{xO,4K) 


D = 

With this notation, we have 

\hfiiT)\ < + 




,5t-cm 1 gC^ girl, II 


m —1 


< ^ ||u|L_i) ||/|| !-,„ ( + c" 


(3.31) 
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where the new constant c > 0 may depend on k. 

We now come back to the quantity we want to estimate: 


(M^'"cr2i^C^i^,AX^.A(V')X<5(V')%A(^/’)M,/)s'(K").S(R") = {hf , m,\) E' (M) = / (C)%A (“Oc^C- 

JR 

As r]s € C'“(—45,5), the function f/s is holomorphic in the lower complex half-plane together with the 
estimate 

\U0\ < forIm(C)<0, 

that is, 

|%(-C)I < forIm(C)>0, (3.32) 

|?7Xa(-C)I = |e"^?7<5(-C)l < C'e a"" ^ for Im(C) > 0, (3.33) 

For a constant 0 < d < 1 (beware that this d is not the same as d appearing in the Carleman estimate) 
to be chosen later on, we split the integral in three parts according to 

[ hfiOf,sA-Od(: = i-+io+i+, 


/ — d(i pd^ /*+oo 

hfiOvsA-OdC, lo ■■= / hfiC)fisA-C)dC, A ■■= / hf{C)mA-C)dC 

-oo J —dfi J dfi 

According to (3.30) and (3.33), we have, for /r > 1, A = 2ci/x, 

r + 0° |,|2 , 2 

J dfi 

< ll/ll 1-™. 


So the main problem is to estimate Iq. For this, let us define 

From (3.31), we have the estimate on the imaginary axis for all r > tq, for /r > 1, A = 2ci/i, 


|■H(^r)| < + 




Moreover, (3.29) implies (we can assume N > m — 1 without loss of generality) 

|H(C)| < C € C, Im(C) > 0. 


Next, we define H := — with 

’ Co > 


Co — C{D -\- 




and apply Lemma 3.11 below to the function H. 

This Lemma implies the existence of do > 0 (depending only on 5, k, \\'iP\\l°°(b{x°, 4 R))^^ and the con¬ 
stants C,c appearing in the exponents of the estimates of 'H(zt)) such that for any d < do, there exists 
f3o > 0, (depending on the same parameters, together with d) such that for any 0 < /3 < /?o, for all 

/X > I := have 


|'H(C)| < Coe on n {-/X < |C| < 2dA, 
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with Qi = IR!j_ +iIR^j_. The same procedure leads to the same estimate if Qi is replaced by the set Ml +tMlj_, 
and hence, by the whole C+ = {^ G C,Im(C) > 0}. Coming back to hf, we obtain 

\hfiO\ < on C+ C {^/r < |C| < 2 d^i}. (3.36) 

where cq is defined in (3.35). 

We now come back to Iq. The function ^/(C)i?i5,A(~C) being holomorphic in C+, we make the following 
change of contour in the complex plane: 

io= [ hfiOf,sA-OdC+[ hfiOmA-C)d(:+[ h/(C)%A(-C)rfC, 

Jrl JrH Jrl 

where the contours (oriented counterclockwise) are defined by 

r± = {Re(C) = ±dfj,,0 < Im(^) < d^/2}, 

= {—dfi < Re(C) < d/i, Im(C) = dfx/2}. 
with d g] 0, do[ still to be chosen later on. 



Since r)j) U T^ U Tl C C+ Cl {ffi < |C| < 2dfj,} and A = ci/x, estimates (3.33) and (3.36) yields the 
estimate 

e -r , C G U U T^ 

< CGT^ur^urr 

Using that < Re(C)^ — Im(C)^ < for C G r)j) U Tl we now obtain 

|^/(C)%a(-C)I < CGT^ur^. 

On r^, we have Im(C) = d/r/2, so , we can estimate 

I^/(C)%a(-C)I < 

Now, we can fix 0 < d < min(4ci(5, do) so that we have < Ce~^^ (for some 0 < c < 2ci5^ ). As 

a consequence, we have 



ur»ur^ 


hfiOvsA-OdC 


< Ce-^^iD + \\u\A_A\f\\i-m, 


(3.37) 
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for any 0 < /3 < /3o, for all /r > max(C', (as |r^ U U F^j = Cdp). 

This, together with (3.34) yields, for any 0 < /3 < /3o, for all /r > ^, 

|(M^^(J2i?Crij,AXi.A(V’)X5(V’)»7<5.A(V')M,/)s'(R").S(B")| = / ^/(C)%.a(-C)c^C 

JR 

The constants being uniform with respect to / € §(IR”), this provides by duality the estimate 

\\M^^(T2R(TR,\XsA'^)Xs{i’)'nS,\{'^)Arn-l - ^ + \Mm-l) ^ 

which concludes the proof of the lemma. □ 

With Lemma 3.10, we can now conclude the proof of the local estimate of Theorem 3.1. Lemma 3.11 
and its proof are postponed to the end of the section. 

End of the proof of Theorem 3.1. Using Lemma 2.3 with m{2 •) and 1 — m(-), we get 

/3 fj. 

(1 - 

-1 (R")-s--1 (R") 

Hence, applying Lemma 3.10, we obtain, for any 0 < /? < /3o, for all /i > ^ and A = 2ci/i, 

||Tf^^(T2RCTR,AX<5.A(V’)X5('0)»7<5.A(^)u||„_i < {1 - M^>")a2RcrR^xX5,\i'ip)xsitp)vs,\itp)u 

m— 1 

O ^ 

+ Mf^>^a2R<Jn^xXs,\{i’)xs{i’)vs,\{'ip)u 

m— 1 

< Ce-<^f^iD + \\u\\^_,). (3.38) 

Using Lemma 2.11, estimate (3.38) and the definition of r in Corollary 3.6, we get for any 0 < /3 < /3o, for 
all /i > ^ and A = 2ci/x, 

Mff ar,\u < ar,\Mff~u + C'e”'"'" ||u||^_i 

m—1 m—1 

§jf_ ^ 

< cF2RaR^\xs,\Wxsifj)m,\i'>P)u 

m — 1 

13 pi 

+ (Tr,\Mf^ {l-a2R(TR^xxs,\WxsWvsA'>P))'^^ + ||u||„_i 

m— 1 

0 pi 

< Ce~‘'^{D+\\u\\^_0+ (Tr,xMf^ {1-a2 R(jR,xXs,x{ip)vs,\{tp))u .(3.39) 

m — 1 

We know that cfr = xsA) = XsA) = VsA) = 1 on a neighborhood of supp((Jr) according to (3.15) and 
the properties of Xj Xs and rj. So, we can select H € C“(M") such that H = 1 on a neighborhood of 
supp((Tr) and such that CT 2 _r = <Jr = XsA) = XsA) = ’Hsif’) = 1 on an neighborhood of supp(n). Now, 
we have 

0pi 

(l - (J2R(TR^xXS,xA)XsWm,xA))u 

m— 1 

0pi 

< ar,xMf^ (l - (J2 r(tr,xXs,xA)xsA)vs,xA)) (1 - n)u 

m—1 

0pi 

+ CTr.A^f;^" (1 - 0-2R(Tfl,AX<5.A(V')X5(V')%.A(^))nu . (3.40) 

m— 1 
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To estimate the first term, we use Lemma 2.10 to obtain 
cerning the second term, we have 


< Con- 


§ji 

ar,xM^^ (1 - n) 




<7r,xM^^ (l - (J 2 R(JR^),XS,xWXsWmA'^))^^ 

< C II (l - cr2R<JR,xxsA'P)xsWvs,\A)Au\\jn_i < Ce~ 


I m— 1 


(3.41) 


where we have decomposed in the last inequality 


1 - (J2R(XR,\XS,\A)XsA)m,\A) = (1 - 0'2fl) + cr2i?(l - <JrA + (^2R(XR,\{^ “ X<5.a(V’)) 

+CT2i?,crK,AX<5.A(V')(l - XsA)) + f7•2i^cri^,AX^.A(■^/')X<5(V')(l “ %a(V')) 

and used Lemmata 2.3 and 2.5. These two Lemmata can be applied thanks to the geometric fact that 

dist(supp(n), {x e M";ct 2 k(x) ^ 1}) > 0, 

and the same is true with a 2 R replaced by aR, XsA): A A) or VsiA- We now have the existence of fo > 0 
such that for any k, ci > 0, there exist /3o, C,c> 0, such that for any 0 < /? < /3o, M ^ ^ and A = 2ci^, 
the following estimate holds: 


ar,\u 


<Ce-^AD+\\u\A_A D = e^ 


m—1 


mA^xu 


m— 1 


+ \\P'^\\b{x^AR) ) ■ 


This concludes the proof of Theorem 3.1 with r' = c, when replacing fj, and /tq by /i/2 and /io/2 respectively. 

□ 


It only remains to prove Lemma 3.11 below. 

Lemma 3.11. Let 5, r, Ro,Ci^e,TQ > 0. Then, there exists do = do{6, r, Ro,Ci,e) such that for any 

d < do, there exists fdoi^^ Ro, ci, e, d) such that for any 0 < /3 < /3o and for all fj, > '^oiRo+QS) 2 ^ have 
the following statement: 

For every FI holomorphic function in Qi = Mlj_ -|- continuous on Q\ satisfying 


iHiAl ^ max(e '^^,e 


e for T e [To,-koo), 


(3.42) 


|^(^)| <gfloIm(C) 


(3.43) 


we have 


|^(^)|<g-85im(c) onQ,n{^fi<\C\<2dA- (3.44) 

The proof essentially consists in performing a scaling argument to get rid of the parameter fx and then 
applying Lemma B.2. 

Proof of Lemma 3.11. The function iJ is holomorphic in Qi and z 1 —>■ log \z\ is subharmonic on C*. As a 
consequence, the function 

g^:C^tx-Hog\HAO\ 

is subharmonic on Qi (which is invariant by dilations). Assumption (3.42) (used for r/i € [tq, + 00 )) yields 


£.«2 g 

g^iir) < ciA -\ -h max(—K, —9St, ~^)) for r € [—, + 00 ), 


and Assumption (3.43) yields 


(3.45) 


g''(C) < i?oIni(C), on Qi. 


(3.46) 
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Now, we set 


s s (3^ 

fiiy) = -Ro 2 /l[o_m)( 2 /) + l[m,+oo)(2/)min{i?oJ/,max(-K,-9(5y,- —) + (71?/^ + y G M+. (3.47) 

According to Lemma B.2, there exists do = do{S, k, Ro,e,Ci) such that for any d < do, there exists 

Po{S, K, Ro, d, £, Cl), such that for any 0 < /3 < /3o, and any y > function /f is continuous 

and the associated function given by Lemma B.l with /o = 0 and /i = /(* satisfies 

f^GC°{Qi), A/^ = 0 and |/''(a;,y)| < (7^(1 + |(x,j/)|) in Qi, Z'" =/f on *+, /^ = 0 on M+ 

together with 

r(C)<-8(5Im(C) ongin{^ < Id <2d}. 

This is 

<-^Slui{C)/y on 0i n < Id < 2d/r}. (3.48) 

Now, as is subharmonic and harmonic, the function 

h'^iO :=5'^(C)-r(C) 

is subharmonic too. As a consequence of (3.45), (3.46) and (3.47), we have 

/i^(C) < 0 onIR+UfIR+. 

Moreover, (3.46) and |/^(C)| < C'(l + |d) also yield 

h^{<:)<c^ + {c^ + Ro)\(:\. 

According to Lemma B.4, this implies 

h^iC) <0 on Qi, 

and hence 

I^(mC)I = on Qi. 

Finally, coming back to (3.48), we obtain 

|i?(C)l < on Qi n < |d < 2 dy}, 

which concludes the proof of the lemma. □ 

4 Semiglobal estimates 

4.1 Some tools for propagating the information 

The Local Estimate of Theorem 3.1 only provides information on the low frequency part of the function. 
Iterating this result alows us to propagate the low frequency information. In this section, we define some 
tools that will be useful for this iterative procedure. They are aimed at describing how information on the 
low frequency part of the solution can be deduced from one subregion to another one. 

Definition 4.1. Fix fl be an open set of M" = x M”*’, P a differential operator of order m defined 
in f2, and (Vj)j^j and {Ui)i^i two finite collections of bounded open sets of M”. We say that {Vj)j^j is 

under the dependence of {Ui)i^i, denoted 
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if for any 'di G C“(M") such that 'di{x) = 1 on a neighborhood of Ui, for any "Oj G C'§°(Vj) and for all 
K,a > 0, there exist C, k'> 0 such that for all (^, u) € [/tq, +oo) x C“(M”), we have 

E ^ (E + wp^Wmn) 

j&J ™ ViG/ 

If jj/ = 1 and Ui = U, we write {Vj)j^j < U, with the same convention for V. 

The norm ||•||^_]^ being taken in M”. 

Remark 4.2. The definition < actually depends on the splitting M” = IR"“ x M"'’, the set 17 and the 
operator P. However, in the main part of this work, M" = IR"“ x M"'’, 17 and P will be fixed, so it should 
not lead to confusion (in particular in the applications). The dependence of < upon these object will be 
mentioned when needed. 

For the applications, it is important that the function u is not necessarily supported in 17. 

In the following, we will only need to use this relation < in some appropriate coordinate charts. 
However, it will not be a problem for what we want to prove, even on a compact manifold. Indeed, we 
will fix some coordinate chart on an open set 17 C K" close to a point or close to a trajectory. Then, we 
will use the relation < related to 0 to finally obtain some estimates which will be invariant by change of 
coordinates. 

Now, we list some general properties of the relation <, which actually hold without using any asumption 
on the set 17 and the operator P. 

Proposition 4.3. We have the following properties 

1. If {Vj)j^j < with Ui = U for all i G I, then < U. 

V {yj)jeJ ^ {Ui)i(^i with Ui C Wi for all i G I, then (Vj)jej < (IFi)ig/. 

3. IfVcU then, H < C/. In particular, we always have U ^U. 

5. If for any i G I, Vi< Ui, then {Vi)i^i < {Ui)i^i. In particular, we always have {Ui)i^i < {Ui)i^i. 

Proof. Property 1 is obvious from the definition. Property 2 is also immediate since iliix) = 1 on a 
neighborhood of Wi implies i9i(x) = 1 on a neighborhood of Ui since Ui C Wi. 

Property 3 is a consequence of Lemma 2.11 applied with a/j./2 instead of /i, A = /i, /i = r? and f = D. 
The assumptions on H and d ensures that /i = 1 on a uniform neighborhood of supp(/). This gives the 
result with /? = a/2. 

Property 4 is a consequence of Lemma 2.12 with the same parameters as before for Property 3, but 
with hi = Di. 

Property 5 is almost a consequence of the definition. Actually, the only difference is that a priori, we 
have one /?i for each i G I. Taking the worst of the constants C,K',p.o given by the application of the 
definition for any i, it gives 

with I?, = 1 on Ui and Di G C^fVi). But taking 2/3 = inf {/3i,i G I}, we have 

m—1 m—1 m—1 

m—1 

where we have used Lemma 2.3 and the properties of support of rn{^) and (1 —m(^)) for the last estimate. 
The second part comes from the combination with Ui < Ui for all i G I. □ 



*G/ " ViG/ 
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The relation is not clearly transitive but we have the following weaker but sufficient property: if 
< {Ui)i^i and Ui (s Ui with compact inclusion (that is Ui C Ui) and {Ui)i^i < {Wk)k^K, then, 
{Vj)j^j < {Wk)k£K (this is proved by introducing functions fi € C^{Ui) equal to 1 on Ui'. see the proof 
of Item 6 in Proposition 4.5 below). 

For this reason, it is convenient to introduce the following stronger property. 

Definition 4.4. Given an open set of M” = x M”*’, P a differential operator of order m defined in 
n, and {Vj)j^j and two finite collections of bounded open sets of M", we say that is under 

the strong dependence of {Ui)i^i if there exists Ui d Ui such that {Vj)j^j < {Ui)i^i. In that case, we 
write. 


<1 {Ui)i(zi. 

This makes the relation transitive, but it becomes more strict in the sense that we do not always have 
U <\U. We sumarize again the properties of this relation. 

Proposition 4.5. We have the following properties 

1 . <1 {Ui)i(ii implies (V,)j6j < {Ui)i(ii. 

2. If {Vj)j^j < {Ui)i^i with Ui = U for all i G I, then {yj)j^j <\ U. 

3. If Vi (£ Ui for any i G I, then, (Pi)ie/ <1 {Ui)i(^i- 
4- If Vi (£ Ui for any i G I, then V^ <\ {Ui)i(zi. 

5. If for any i G I, Vi <i Ui, then (Vi)jg/ <1 {Ui)i^i. In particular, if for any i G I, Ui < U, then 
(C/,)i6/ < U. 

6 . The relation is transitive, that is 

<1 {Ui)i(zi and {Ui)i(zi <l {Wk)k£K] {Vj)j&J < {Wk)k£K- 


Proof. Property 1 is obvious. For 2, the assumption gives some {Ui)i^i with {Vj)j^j < {Ui)i^i and Ui (s U 

for all i G I. Since Ui C U for all i G / and I is finite, we have Ui^jUi = Ui^jUi C U. Denote W = Ui^jUi. 
We have Ui GW for all i G I, so Property 2 and then Property 1 of the previous Lemma give {Vj)j^j < W 
which implies {Vj)j^j <\ U since W G U. 

For 3, we use (V))ig/ < (F))ig/ from Property 5 of the previous Lemma and V) (£ Ui- 
For 4, we use Property 4 of the previous Lemma, which gives lJi</ This is lJi</ {Ui)i^i 

by the definition of <3. 

For 5, assume Vi < Ui with Ui G Ui. Then, Property 5 of the previous Lemma gives (Pi)ie/ < {Ui)i^i 
which gives {Vi)i^i <1 (Ui)i^i by definition. The second part is direct by combining with Property 2. 

For 6, the assumptions give the existence of Ui G Ui and Wk <£ Wk such that 

^ {Ui)i(zi and (Ui)i(zi < {Wk)k(^K 

Since Ui G Ui, we can pick Xi € C^{Ui) such that = 1 in an neighborhood of Ui. Let a > 0, k > 0, 
and take dk G (^“(M”) (for all k G K) such that dkix) = 1 on a neighborhood of Wk and dj G (^“(Vj) 
(for all j G J). Since we have {Ufji^i < {Wk)k^K and Xi € C^{Ui), there exist C,k', j3,pQ > 0, such that 
we have 

iGl \kGK 


ll«l 


m— 1 ' 


Now, we apply the relation given by {Vj)j^j < (Ui)i^i with a replaced by the above j3 and k replaced 
by Ki = min(K',K)/2 > 0. Since = 1 in an neighborhood of Ui and dj G C^iVj), there exist 
C, k” , f> 0 such that 


jeJ 


m— 1 



\\Pu\\ 


L2(n) 


Cl 
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Combining the above two estimates now yields 




m—1 


< 


kGK 


Since k/2 + ki < k and m — k' < k! 12 — k' = —k'/ 2 < 0, it gives {Vj)j^j < {Wk)kGK, which implies the 
result since Wk <£ Vhfc- 

Note that in the proofs above, we have omitted to precise each time the restriction /r > /xq. Yet, all the 
estimates have to be taken with that restriction, taking the worst constant /xq when several restrictions 
are involved. □ 


Corollary 4.6. Under the assumptions of Theorem 3.1, there exists Rq > 0 such that for any R € (0, Rq), 
there exists r, p > 0 so that we have 

B{x°, r) < [{(p > 2p} n B{x°, 3i?)] , 
r) <1 [{(p > p} U B{x'^, 4i?)] . 

Proof of Corollary 4.6. First, we restrict Rq so that B{x'^,ARq) C fl. Theorem 3.1 gives some R, r, p, 

To > 0 . 

Let K, a > 0. We apply the result with p = ap', ci = l/a and k replaced by n/a to obtain, uniformly 
for p' > To/(a/3). 






m— 1 
0 


M;r 


Now, let d G ,r)). Since ar = 1 on B{x^,r)^ Lemma 2.11 gives 


m— 1 
,0 


\\Pu\\ 


L‘^(B{xO,AR)) 




< 




Ce- 


Ce- 


I m— 1 


Im—1/ 


This gives the result. The second comes from the compact inclusion of [{(p > 2p} D B{x'^,3R)\ into 
B{x°,r)<l[{(p> p}nB{x°,4:R)]. □ 


4.2 Semiglobal estimates along foliation by graphs 

This section is devoted to the proof of Theorem 1.10. Actually, this result is a corollary of the following 
stronger theorem, stated here in the context of zone of dependence. 

Theorem 4.7. Under the assumptions of Theorem 1.10, there exists an open neighborhood U of K such 
that for any open neighborhood uj of Sq, we have 

U <U!. 

In the present section, we first prove that Theorem 4.7 implies Theorem 1.10, and then prove Theo¬ 
rem 4.7. 


Proof that Theorem /.7 implies Theorem 1.10. We first apply Theorem 4.7 for a neighborhood w of Sq 
such that UJ (s ui, where w is that in the statement of Theorem 1.10. We obtain U <loJi. Take x G 
such that X = 1 on a neighborhood U^ of K, and p G C^(uj) such that (p = 1 on a neighborhood of wi. 
We obtain that for any k > 0, there exist C, (3, n', po > 0 such that for p > po, 

\M^xA^-a ^ {\\K^AL-a + ll^“llL=^(n)) + ||u|L_,. (4.1) 

But since p G C^(uj), taking again p G C'“(w), ^ = 1 on a neighborhood of supp(v3), we get thanks to 
Lemma 2.3 




< 


E 

\a\ + \P\<m-l 


D^MjfiD^.pp^u) 


+ Ce-"^||d 


m — 1 ' 
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Next, we have 






+ ce-^n\u\\ 


||^a“M;/||„ < ||e>^(WM)IL=o(R„„)||/||o 

< Il/llo < Cm'“' II/IIo , 

since the function i—>■ is uniformly bounded on IR"“ for /i > 1. As a consequence, we now have 

\a\ + \l3\<m-l 

< cr-^ Y. 

|/3|<m—1 

In the particular case where Ua = n, we change slightly the estimate 

II^m‘/5mw|L_i < + ll(i 

< Cfj,^+^-^y,u\\_^ + Ce-^^\\u\\^_, 

< II 11(1 - ^)<^^w||_^ + Ce-^>^ ||«|L_1 

< CM^+^-MlHI^-. + Ce-^ni^lL-i- 

In (4.1), the constant k > 0 is arbitrary (all other constants in that estimate depending on it): imposing 
K < c/2 and noticing that we obtain, with c' := min(c/2, k'), 


IK"X,«IL-1 < ||r.|L_i. 

In the analytic case, = n, using y^s+™-i < CgC'^^, we have similarly 

\W4xA\m-i ^ {Wv^Wh-^ + ll^^^llL^(a)) +Ce-^'^ 


(4.2) 


\m—l ' 


Now, let X G be such that x = 1 in a neighborhood of K. We have, using again Lemma 2.3, 

llxwllo < IIxxmw|Io + II(i-Xm)xw|Io 

< C||xM^^|lo + t^e-=^ 


< C\\m4xAo + ^ 11(1 - 


I m — 1 ' 


(4.3) 


Concerning the second term in this estimate, we write 


|(l-M^'^)x^u|| <C sup 


(1 ni^)(|/) 


iear-' + (6r-' 


Ca.?6)eR"“+"i> 

Hence, in the range |^a| > /?m/ 2 with /r > /io, we have the loose estimate 


llx, 




(l-"iA*)(fc) 


iCar-' + (6r-' 


< ^ 

- ^m-1- 


In the range |^a| < /3 m/ 2, using dist ^supp(l — TO(^)),{|Ca| < /3/2}) > 0, we have |(1 -m^)(|^) 
according to Lemma 2.3. In this range of ^o, this yields 


(4.4) 


(l-"^A‘)(fc) 


iCar-' + (6r-' 




so that (4.4) holds for all and fj. > /xq. This yields ||(1 — M^'')x^u||jj < ^//_i ||xM'*^llm-i> which, 

combined with (4.2) and (4.3) gives, for /x > hq, 


t^llo < 




\\Pu\\ 


L2(0) 


+ 


c 




^_1 ll'^llm-1 ■ 
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Similarly, in the analytic case, we have 


Finally, the case ria = 0 is a direct consequence of (4.1) since there is no regularization. 

Now, we notice that the previous estimates are true for any Q neighborhood of K. Denoting now by 
n the neighborhood of K given by the assumptions of the Theorem, we can apply the previous estimates 
to an open neighborhood of iX so that d O. This gives that for any w C neighborhood of Sq, there 
exists an open set U neighborhood of K (that we can impose included in 11) so that we have the estimates 

Take xo supported in fl and so that yo = 1 in In particular, we have \\P{xou)\\j^ 2 (^q'^ = ll-P'*^llL 2 (n) — 
ll-f’w|lL2(a), llxou|li2(i;) = \\xou\\h^-1(^^) = ||u||//™-i(ii) and ||xou|L_i < CWnW^m-i^iiy Apply¬ 

ing inequality (4.5) to xou gives 

This concludes the proof of Theorem 1.10 in the general case. The end of the proof in the cases Ua = n 
and Ua = 0 is similar. □ 

Now, we come to the proof of the main result of this section, namely Theorem 4.7. This proof consists 
in two main steps: first defining the adapted geometrical context, and second to iterate the local result in 
this geometric context, using an induction argument. 

Proof of Theorem 4-7. To begin with, we choose oji <£ tJ 2 <£ OJ where wi is another open neighborhood of 
So- We fix R such that 


2R < min(dist(iX, D°), dist(u;J, 5'o)), 


(4.6) 


define the set 

K^= [j B{x,2R), 

xGK 


and pick a cutoff function 

Xk € C'“(fl), such that xk = 1 on K^, and supp(xk) H {xn < 0} C wi. (4.7) 

Given any point x € K, there exists £ > 0 such that x G Sg. We denote by i?o > 0 the constant given by 
Theorem 3.1 associated to the point x and the function </>£. Next, we set 


R^ := min(i?o/2,7?/4). 


(4.8) 


and then 

r^ := min(r/2, SR^), = p, 

where r,p > 0 are the constants given by Theorem 3.1 (and Corollary 4.6) associated to x, (fe and R^- 
For any e G (0,1] and x G S^, we have 4>eix) = 0. So, we can write 

S'e C IJ B{x,rx), 

xeSs 

and, since is compact, we can extract a finite covering, i.e. there is a finite set of indices and a finite 
number of points {xf)i^i^, such that 

Se C [j B{xl,r^l), xl & Se- 

ieis 
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For xf G Sg, we rename the associated radii, setting 




Ti := r^e. 


Pi ■■= Px 


and define 


Pg := min nf > 0. 

*G/e * 


Since (jig = 0 on Sg, we still have 

Sg C 

The definition of Ug is illustrated on Figure 6. Therefore, for e g]0, 1], Ug is an open neighborhood the 


U n {(j)g < pg} =:Ug. 

Kieh / 



{(jig = Pg) 


Figure 6: Definition of the set Ug, striped in blue 


compact surface Sg. Since G is G^, we claim that we can find g{e) > 0 so that 

Ve:= U Sg,ClUg (4.9) 

E'e]e-g(e),e+g(£)[ 

(the definition of Vg is illustrated on Figure 7). Indeed, since G G G^(Z)x]0,1]), we can find G > 0 so that 

|G(a;',e)-G(a;',e')| <G|e-e'|, 

uniformly for x' G D. In particular, if |e — e'| < ^ dist(S'e,Gg) with dist(S'£,Gg) > 0, we have 

dist [(x', G(x',£')) , S'e] < dist [(x', G(x',e)), (x', G(x', s'))] < |G(x', e) — G(x', e')| < dist(S'e,Gg)/2. 

This holds for any x' G D, so that Sgi is contained in a neighborhood of Sg of size dist{Sg,U^)/2, and 
hence contained in Ug. This proves (4.9) with g{e) = dist{Sg,U^)/2C > 0. 

As a consequence of (4.9), we have in particular, for any e ejO, 1], 

VgCUgC{(l)g<pg}. (4.10) 


Now, we also have 

iFC [s-oU U V,] C ("wiU U Ve 
^ eG(0,l] ^ ^ eG(0,l] 

The same argument as above using that wi is a neighborhood of S'o shows that there exists eg such that 

Vq := [J Sg C uji. 

eG[0,eo) 
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Figure 7: Definition of the set Vg, striped in blue 


As a consequence, we now have 


Kc(voii U VoC 


COi. 


eG . [sq )1] 


From the covering [eo, 1] C UegIeq i]]^ ~ ^ extract a finite covering [eq, 1] C ~ 

g{ej),ej + 5 (ej)[, where J is a finite set of indices. In particular, this yields a finite covering 


[0,1] C [0,eo)U [j]ej - g{ej),Sj +g{ej)[. 


iGJ 


As a consequence, we now have (Vg being defined in (4.9)) 


(4.11) 


KCuJiU\JVe 

3&J 


C U IJ IJ n {(jie, < Pe,)) ) ■ 

jeJieis, 


(4.12) 


Now, we reorder the set J by increasing order of Sj — g{sj), that is 

J = |0, TV], with Ej - g{ej) < £j+i - g{ej+i), for all j e |0, TV - 1|. (4.13) 

Note that if £j—g{ej) = Ej+i —g{£j+i), we can suppress that associated to the smaller Ej +g{Ej) is smaller, 
and the covering property remains true. We will also need to check that we have 


Efc+i - g{Ek+i) < max (ej +giEj)). 

l<j<k 


(4.14) 


Indeed, if it is not the case, we have Ek+i—g{Ek+i) > maxo<j<fe(£j+g(£j )). In particular, for j < k, we have 
Ej+g(Ej) < Ek+i-giEk+i) and£fe+i- 5 '(£fc+i) ^]Ej-g{Ej),Ej+g{Ej)[. But for j > k+1, by increasing choice 
(4.13), we have £fc+i- 5 (£fc+i) < Ej-g(Ej), and in particular, Ek+i-g^Ek+i) ^]Ej-g{Ej),Ej+g{Ej)[. Hence 
£fc+i-g(£fc+i) ^ [jj(zj]£j-gi£j),£j+gi£j)[- Moreover, we have £fe+i-5(£fc+i) > Taaxi<j<k{£j+gi£j)) > £o 
as Ej > Eq for j > 1 and hence £fc+i — g{Ek+i) 4- [0j£^o[- This contradicts (4.11) and proves (4.14). 

This preparatory definitions were made to state the following geometrical Lemma that we prove below. 
Lemma 4.8. With the notation of the proof of Theorem 7, we have for any k G |0, TV — 1| and i G 1^^. 


where we consider the union Ujg|i fc| empty if k = 0. 


wiu u U 

jGll.fcl iEhi 
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Now, we are going to use an abstract iteration argument, so we set the following notations for j G 
|1, A^] = J and i € ley 

• Ij = le, , 

• Vo =U!, 

• Uo = UJI. 

The choice of the and < pe- according to Corollary 4.6 implies 

Ui,j <\ Vij. 

Moreover, we have ujij (s Uij and Lemma 4.8 can be written as 14,fc+i <e Cq U U,g|i fc| Uie/j • Now, 

we are in position to apply the following iteration Proposition, that we prove later on. 

Proposition 4.9. Assume that there exists some open sets Uq, Uij, ujij (s Uij, with j € |l,iV] andi € Ij 
(Ij finite) such that we have 

Uij <1 Vij and ujij (s Uij, for all j € |l,fV] and i G Ij; 

14,fc+i (£ C/o U U,g|i.fei Uie/, > forke |0, iV - 1], 

where we consider the union U,6|i fc| empty if k = 0. Then, we have Uo U U,6|i n} Uie/j ^i,j <1 Vo for 
any [/q (s Vq- 

Now, we always have 0:2 <1 w, as a consequence of Properties 5 (second part) and 6 of Proposition 5, 
Hence, denoting U ■.= wi U U,- 6 |i fc| > Ih® application of Proposition 4.9 yields 

U <\uj. 

Since U is a neighborhood of K by the covering property (4.12), this concludes the proof of Theorem 4.7, 
up to the proofs of Lemma 4.8 and Proposition 4.9. □ 

The next two sections are devoted to the proofs of Lemma 4.8 and Proposition 4.9, respectively. 

4.2.1 Proof of Lemma 4.8 

In this section,we give a proof of Lemma 4.8. We first prove, for later use, that for any x' G Cl, e > 0, we 
have 

G(x',e - g{s)) >G{x',e) - Pe (4.15) 

Indeed, let x G Vg, so a; G Se' for one e' g]s — g{e),e + g{e)[. That is a;„ = G{x',£'). Using (4.10), we 
have feix) < Pe: tha-t is G{x',£) — Xn < Pe and so G{x',e) — G{x',e') < Pe- This is true for any point 
X = {x',G{x',£') for e' g]£ — ( 7 (e),£ + 5 (e)[. Letting e' tending to e — g{£) and using the continuity of G, 
we get G{x',e) — G{x',£ — g{£)) < Pe, which is (4.15). 

We now come back to the proof of the Lemma. Notice that, as a consequence of the definitions of T/g, 
Vg C Ue and of (4.12), we have for all k G |0, TV] 

VoU U Vg,- (g oaiU U U B{x^f,r^,^) . (4.16) 

ieli.fcl J L 
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By (4.16), it is sufficient to prove, for any k G |0,fV — 1], the inclusion 

+ i + C (wiU U Ve,), 

ieli.fcl 

which shall follow from the following two inclusions: 

({4.+, c (wi IJ Ve,), (4.17) 

ieli.fel 

and 

>P..+,}n7f^)ni3(xr+\4i?r^^)ca.i. (4.18) 

Let us first prove (4.17). Since K C U Uj6|i n} ^7 (4-12), we have 

({<^ Cfc+l — P^k+l } n 77) C u U (Ve,n{4.,, >fe,J)). (4.19) 

le 11.^1 


Moreover, using (4.10), we get 

'^Sk+i {'(’efc +1 < Psk+i) ■ 

Now, we will use the fact that G is increasing in e to prove that we also have 

Ve, C {4^+1 < Psk+i } for j > fc + 1. (4.20) 

Actually, for x G Vs^, with j > fc + 1, we have Xn = G{x',s) for some e > Sj — g{sj) > Sk+i — g{ek+i) 
(that is here that we use the order of the Ej defined in (4.13)). But since G is strictly increasing in 
£, this implies Xn > G{x',£k+i — g{£k+i))- Using the inequality (4.15), true for any e > 0, we obtain 
x„ > G{x' , £k+i) — Psk+ 1 - This gives (p^k+iix' ,Xn) < Psk+i therefore (4.20). As a consequence, in the 
right hand-side of (4.19) only the terms for j < k are nonempty, and it thus implies precisely (4.17). 

We now prove (4.18). Since G K and 47?®''^’^ < R, it is sufficient to prove 

>o}nx^nx«) cwi. 

We first notice that, according to the definition of K, we have 


= {x„ < 0} U {x„ > G{x', 1)} . 


In addition, since G is increasing in e, we have, 

{<l>ek^l > 0} = {Xn < G{x', £fe+l)} C {Xn < G{x', 1)} . 

As a consequence, {(j)ek+i > 0} n GL {x„ < 0}. We are thus left to prove 

{{xn < 0} n K^) C Wl, 

which is true thanks to (4.6). This concludes the proof of (4.18). 

We finally check that the proof works the same way for the degenerate case fc = 0, which corresponds 
to the same proof with 0 instead of Uj 6 |i fc|- This concludes the proof of Lemma 4.8. □ 

Remark 4.10. In this process, we can also impose that the points xl^ are far from {x„ = 0}, by forcing 
B«U4i?^0n{x„ = O} = 0 . 

Indeed, if B{xl^ , ) n {a;„ = 0 } 7 ^ 0, we have necessarily dist(a;J^, Sq) < 4i?®^ because 

dist(a;JU {^n = 0}) is necessarily reached at a point in H x {Oa,^}, since x^^ G S^. C D x But, 
in the process, see (4.6) and (4.8), we have chosen R^^ < dist(u;J, S'o)/ 8 . This implies dist(a;^Uwi) > 
dist(wj, ^o) — dist(a:^^, «S'o) > 87?^^ — 47?^^ and so 77(xU, 47?^^) C wi. In particular, these points x^G can be 
removed without affecting the set 


wiU U U 

jeli.fcl ie/e,- 


for any k. 

This fact was not used here but it will be useful later in the presence of boundary. 
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4.2.2 Semiglobal estimates by iteration: proof of Proposition 4.9 

We now prove Proposition 4.9, which follows an induction argument on k G = J- We make the 

following induction assumption at step k: 


For any j G |1, fc] and i G Ij, we have Uij < Vq. {lAk) 

Note that using Property 4 of Proposition 5 and since we can select Wq with Uq d Wq d Vq and ojij d Uij, 
we have 


U [J [J <^i,j 

ielpfel i&ij 






So, since we always have Wq <1 Vq, using Properties 5 (second part) and 6 of Proposition 5, (lAk) directly 
implies 


^0 U IJ IJ uji,j 

ieli./cl i&ij 


<Vo. 


(4.21) 


In particular, proving (IAn) implies (4.21) for k = N, which is the result of the proposition: 


U := 


UqU [J [J LOij 
jeli.ivi i&ij 


<lVo. 


(4.22) 


We now come to the proof of (lAk) by induction 

For A: = 1, we need to prove Ui^i <1 Vq for i € Ii- But the assumption with k = 0 gives Pip d Uq, which 
implies <1 Uq- Since C/ip <1 Pip by assumption, we get by transitivity C/ip <1 Uq. Since, we also have 
Uq <1 Vo, we obtain the expected result C/ip <1 Vq- 

We now prove (lAk) (lAk+i) for k G |1, N — 1]. The assumption of the proposition gives 


P.fc+l <£ 


^0 U U 

je[i,/cl ie/,- 


Combined with Property 3 of Proposition 5, this yields 


Vi,k+1 <1 


^0 U IJ J ujij 

iGll.fel i&Ij 


Using (4.21) true for k since {IA)k is true and the transitivity of <1, we get 

P.fc+i <1 Vo 

Since Uij <1 Vij, the transitivity Property gives again C/ip+i <1 Vq. This implies (lAk+i) and thus proves 
the induction property for k G |1, N — 1]. 

This concludes the proof of Proposition 4.9. □ 

4.3 Semiglobal estimates along foliation by hypersurfaces 

The previous framework, where we define hypersurfaces by graphs may look a bit rigid for the applications. 
This definition of these hypersurfaces as graphs was mainly convenient to make the foliation more effective 
and order the hypersurfaces more easily. 

Now, we give a slight variant of Theorem 4.7, more adapted to some possible changes of variables. 
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Theorem 4.11. Let C M" = M"“ x M"*’ and P smooth differential operator of order m on Lt, analytically 
principally normal in = 0}. Let <I> a diffeomorphism of class from LI to LI = $(0). Assume that 
the Geometric Setting of Theorem 1.10 is satisfied for some D, G, K, on LI (and not on LI). Assume 
further that for any e G [0,1 + ij), the oriented surface {(fe o $ = 0} = (well defined on LI) is be 

stricly pseudoconvex with respect to P on 

Then, for any oj a neighborhood of there exists an open neighborhood U C LI of such 

that 

U <uj. 

where <1 = <ln,p is related to the operator P defined on Ll (see Remark 4.2). 

Proof. The proof is exactly the same as that of Theorem 1.10/4.7 except that the local uniqueness estimates 
are performed in Ll. So, for any x G it furnishes some r^., and so that 

Rq(x, r^;) On.p [{(fe o $ > Pa:} n Ba{x, ARx)] ■ 

But since $ is an homeomorphism, it implies the existence of rf/ and R^ (that can still be chosen small 
enough) so that [B^{^{x),Fx)] <£ BQ{x,rx) and Ba{x,ARx) (e $“1 B^{^{x),4Rx) , so that 

where i?n (resp. B^) denote balls in Ll (resp. Ll). 

The geometric part of the proof of Theorem 1.10/4.7 is then exactly the same, performed in Ll, 
i.e. replacing r^, Rx by f/ and Rx. Once the geometric part is done, the iteration process, per¬ 
formed in Ll, is exactly the same by replacing each geometric term by the preimage in Ll (for instance 

4)“^ B^{^{xff),4:R,^'!k) replaces i?(a;^'‘,4i?,^efc) etc.). □ 

5 The Dirichlet problem for some second order operators 

In this section, we shall consider a particular class of operators as described in Remark 1.9, that is, with 
symbols the form p 2 {x,() = Qx{0 where Qx is a smooth family of real quadratic forms. Assuming that 
the variables Xa are tangent to the boundary, and that the functions satisfy Dirichlet boundary conditions, 
we prove a counterpart of the local estimate of Theorem 3.1 for this boundary value problem. For this, 
the main goal to achieve is to prove a Carleman estimate adapted to this boundary value problem. All 
local, semiglobal and global results shall then follow. 

This situation is of particular interest for the wave equation for which Xa is the time variable, which is 
always tangent to the boundary of cylindrical domains. 

For the sake of simplicity, we shall further assume that the operator principal symbol of P is independent 
of the Xa variable (we would otherwise need to assume the coefficients of P to be analytic with respect to 
Xa)- This allows to avoid some additional technicalities in the (already rather technical) proofs. 

5.1 Some notation 

Here, we shall always assume that the analytic variables are tangential to the boundary, that is 

X = (xa,Xh) G M"“ X M"’’, with M"’’ = x IR+, and Xb = (x'i,,Xb). 

When the distinction between analytic and non-analytic variables is not essential, we shall split the variables 
according to 

X = (x',x„) G M" = X IR+, with x' = (xa,Xb) G and x„ = x)) G M'*'. 

We also denote by = (fa,fb) ^ the cotangential variables and the conormal variable, by 

D' = (Da,Dx',^) = y(5a;o: the associated tangential derivations and = Dxj^ = jdx„ the normal 

derivation. 
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For any rg > 0, we define 


Kro = {x e K”; \Xa\ < To, \xb\ < Tg } = (0, Tg) X Br~ 6 (0, Tg) D {x„ > 0}. (5.1) 

We denote by the space of restrictions to M" of functions in and by C^{Kro) the space 

of functions supported in Kr^- the trace of a function / G C“(M") at x„ = 0 is denoted by 

f\Xn.=0' 

We denote by (/,(/) = fg, ||/||g ^ = (/,/) the inner product and norm. For fc G N, the 

norm ||•||^._|_ will denote the classical Sobolev norm on M" and the associated weighted norms, 

that is, 

11 / 111 +,.= E ^> 1 - 

j + |a|<fe 

We also define the tangential Sobolev norms, given by 

\f\l^ = \\{\D'\+T)>^f\\l^^ E r>l. 

j + \a\<k 

We shall also use, for f,g G C'“(M+), the notation {f,g)o = Jr^-i flx„=o(x')gix„=o(x')dx'. 

Finally, for j G N, we denote by the space of tangential differential operators, i.e. operators of the 
form 

P{x,D',t)= E aj^a{x)TW°‘, 

j+\a\<k 

and by 

^{P)=p{x,^',t)= E S-,a(x)T-^C'“ 

i+\a\=k 

their principal symbol. 

Remark 5.1. Denote T the restriction operator from to ). We denote ) = T(iJ^(IR”)) 

with the restriction Sobolev norms 

||u||^ _^ :=inf {||u||fc \v G H^{W)-,Tv = u in P/M!):)}” =” inf {||u||fc ju G u = u on M” } 

We have the property 


l|u||fe,+ « sup ||a“u||+2(R.), 

\a\<k + 

see Chapter B2. of [H6r85] and Corollary B.2.5 (with different notations il(fc,g)(IR”)) . Moreover, the 
set (^“(M") = r(C'“(M")) of restriction of smooth functions is dense in il^(IR") (see Theorem B.2.1 of 
[H6r85]). As a conclusion, if L is a linear operator from to of norm C that sends ker(r) n into 
ker(r) n H\ then, L extends to a linear operator from il^(IR") to il*(IR") and we have 

||iw|b,+ <C||u|U^+. 

In particular, this will be the case for all “tangential” operators. 

5.2 The Carleman estimate 

In this section, we state and prove the counterpart of the Carleman estimate (2.4) asociated to the Dirichlet 
problem for waves. Recall that the operator Q'^^ is defined in (2.3) and acts in the variable Xa only, and 
hence, is tangential to the boundary. 

Theorem 5.2 (Local Carleman estimate). Let rg > 0 and P = D'^n + r{xb, D^i^) be a differential 
operator of order two on a neighborhood of with real principal part, where r{xb, Dx^, Da,'^) does not 
depend on Xa and is a smooth x^ family of second order operators in the (tangential) variable {xa,x'f). 
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Let Ip be quadratic polynomial such that ‘ip'^n ^ Q on Krg and 


(a;,?) > 0, ifp{x,^)=0, X e Krg and = 0, 7 ^ 0; 

— > 0, ifp^{x,^)=0, X G Krg and = 0, t > 0, 

IT 


(5.2) 

(5.3) 


where Pip(x, PP) = p(x, ^ + irVip). 

Then, there exist £ > 0, d > 0, C > 0, tq > 0 such that for any r > tq, we have for all u G C^{Krg/4) 


-WQt 


£,r“lll. + ,r ^ ^ 


(||Qt^«llo.+ + e-'" + A{QtrU)\rr=o\l 


(5.4) 


If moreover ipp^ > 0 for {x',x„ = 0) G Krg, then we have for all u G C^(Krg/4) such that U|a;„=o = 0> 


-WQt 


r«lll, + ,r ^ 


< c 


{\\Qt 


Pu 


o,+ 


+ e 


-dr 


e' -^u 


l.+.l- 


(5.5) 


The proof of this theorem relies on a Carleman estimate interpolating between the “boundary elliptic 
Carleman estimates” of Lebeau and Robbiano [LR95] and the “partially analytic Carleman estimates” of 
Tataru [Tat95] (see also [H6r97]). We first state two Corollaries and get to the proof. 

Corollary 5.3. Under the assumptions of Theorem 5.2, there exist £ > 0, d > 0, (7 > 0, tq > 0 such that 
for any V G L°°{Krg), W G L°°{Krg',M.'^), independent of Xa and any t > tq maxjl, ||y||£oo, ||W||^oo}, 
the Carleman estimates (5.4) or (5.5) are satisfied with P replaced by Pv,w = P + W • V + R. 

Proof. Applying the Carleman estimates (5.4) or (5.5) for P = Pv,w — iW ■ D — V, we need to estimate 
the term 

QtrPu = QtrPv.WU - iW ■ QtriDu) - VQtrU 
where we used V = V{xb)j W = W{xb)- Notice first that we have 




C \\VQlrU\\l^ < C\\V\\l^ \\Qtr4l+ < 

as soon as /AC > ||R|||,oo. Next, using (5.6), we write 

QtAPn) = {D- + iTf;')QlrC 

and consequently 

C ||zW • QlriDn)\\l+ < C'\\W\\l^ < \r , 

as soon as t/AC > ||lR|||,oo. For such t, these two terms may hence be absorbed in the left hand-side of 


the inequality. This concludes the proof of the corollary. 


□ 


Corollary 5.4. Under the assumptions of Theorem 5.2, take R{x, D) a differential operator of order 1, with 
coefficients which can be extended to a bounded function in {{za,Xb) G C"“ x M"*’; \za\ < 5ro, \xi,\ < 5ro} 
which are analytic with respect to Za, for fixed Xb. 

Then, there exist £ > 0, d > 0, C > 0, tq > 0 such that for any any r > tq, the Carleman estimates 
(5.4) or (5.5) are satisfied with P replaced by Pn = P + R. 

Proof. Lemma 4.8 of Hormander [H6r97] yields 


QtrR(.x,D)u 


0 ,+ ^^ 




I 1 , + ,T 


Ce 


— rd 




i,+.r 


for all u G C§°(Krg/ 4 ). Actually, it is stated for the interior case, with the norm _i_ ^ replaced by the 
norm H-Hj^ Yet, the estimates used for the proof, (3.13) and (3.14) in [H6r97], are actually made first in 
the variable Xa and then integrated in Xb. Since, the variable Xa is tangential, the same proof gives the 
expected result. 

As in Corollary 5.3, we can absorb the term C ||Qe ^ ^ ^ large enough. The second term has 

the same form as the right hand side of the Carleman estimate, up to changing d. □ 
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Remark 5.5. This theorem, as well as its consequences may be extended with some modification to 
the Neumann case following Lebeau-Robbiano [LR97]. It could also be generalized to a larger class 
of operators and boundary condition (satisfying a Lopatinskii condition) following Tataru [Tat96] and 
Bellassoued-Le Rousseau [BLR13]. 

To prove Theorem 5.2, we define the conjugated operator = P{x,D + irtp'), and also 

the conjugate of P^ with respect to that is, such that 

Since P is independent on Xa, we have 


Pi,,e = P{x, D - eip”^^^Da + iT'tp'), 

where -ipx^XaDa = '‘PxxiiPa,^)) (with the notation of [H6r97]). 

When proving the theorem, we shall drop the index + in the norms to lighten the notation; of course, 
all inner norms and integrals are meant on M". We first need the following proposition. 

Proposition 5.6. Under the assumptions of Theorem 5.2, there exist C > 0, tq > 0 such that for any 
T > To and f G C^{Kr„), we have 

r||/||L < ll^^b../llo + ^WDafWl + rVu.=o\l + r|P/|.„=olg. (5.7) 

If moreover > 0 for {x', x„ = 0) G K^g, then 

T||/||yr < C'll.FV.e/llo + '^ll^“/llo) M ^,11 f G {Krg) such that f\x„=o = 0. (5.8) 

Proof Defining = i(P^,£ + P^,,) and Qf = have 

Pip,e ~ Q 2 P ixQi, 

and denote by g® the principal symbol of j = 1, 2. We have 

r g| = + 

1 Ql = Pn'ipx„ + f^x„Pn + “^Qi, 

where Qf G T)^ and Q\ G T)]. with principal symbols 
<fl = f{Xb,C - 

where f is the bilinear form associated with the quadratic form r. Note that, even if it does not appear in 
the notation, all these operators depend upon the parameter t. 

With this notation, we hence have + iTQi, so that P{p^,p^} = ‘2,{q2, g°}. Assumptions (5.2) 

and (5.3) then translate respectively into 

{92>'Z?}(a;,0 > 0, ifp(x,^) = 0, a; e AT^o and = 0, T = 0; (5.10) 

{92)9i}(a;,0 > 0, if pv-(a;,C) = 0, a; G AT^o and = 0, t > 0, (5.11) 


where the second assertion is a direct consequence of (5.3), and the first one follows from (5.2) together 
with the fact that, using that p is real, we have 


lim — 

T->0+ IT ^ 


9r i 




T=0 


2{p, {p,^}}. 


Next, we have the integration by parts formulae: 


f ig,QU) = iQ29J)-'i[ig,Dnf)o + {DngJ)o + 2e{g,'ip'f^^,,^Daf)o], 

1 ig,Qif) = iQlgJ) -‘2'i{'iPx,,gJ)o- 
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So, we have for / € C§°{Kro) 

m,ef\\o = \\QU\\1 + t" \\qu\\1 + [{qU, QU) - (Qlf, Qlf)] . (5.13) 

So, we get, using the integration by parts formulae (5.12) 

ll^^.e/|lo = ||Q2/|[+T'||(3f/|[+*T([g^,gf]/,/) +TB^f), (5.14) 

with the boundary term 

B%f) = [(gf/,i?„/)o + (i?„g?/,/)o + 2£(gf/,c...^a/)o] -2(cg2/>/)Q 

= Z?„/)o + (Mlf, D„f)o + /)o + (M|/, /)o, (5.15) 

for some tangential operator Mf of order 1 (in ^',r) (note that terms of order two in £)„ cancel). 

Now that we have made the exact computations, we will make some estimates on the symbols of the 
interior part of the commutator. The idea is to tranfer the positivity assumption of the full symbol to 
some positivity of a tangential symbol, which will then allow to apply the tangential Carding. 

The first step is to perform a factorisation of [Q^, Ql] with respect to Ql and to have a tangential 
reminder. Since [Q 2 , Qf] is of order 2, it can be written z[g|, Q\] = C 2 + CiDn + CoD'^ where Ci G But 
using (5.9), and 0 on we can replace = 2 :^Qf+T>): and D'p = Q^ + 2eip”^^^^{Dn]Da) — Q 2 - 

So, in particular, we can write 

i[Q2^Ql] = B^Ql +BIQI + (5.16) 


where Bf G T)]. with real symbol Now, we need to 

• use the assumption to get some positivity of the symbol {p^,Pijj}, this is Lemma 5.7; 

• transfer this positivity to for e small enough by approximation, this is Lemma 5.8; 

• transfer this information to a tangential information on the symbol, this is Lemma 5.9. 
Lemma 5.7. There exist Ci,C 2 >0 such that for all (x, G x M" and r > 0, we have 

nci2 I I I It 12 I 


m^ + r^)<C^{qlq'i}ix,0 + C2 


|^|2 + r2 


Proof. All the terms are homogeneous of order 2 in (^,r) and continuous on the compact {x,f,T) G 
Krg X {(^,t) e K" X IR+, = 1}. Thus, on this set, the result is a consequence of (5.10), (5.11) 

and Lemma A.l applied to / = —t ICoP > 0, (/ = {g§,9i} and h = 0. The result on the whole 

Krg X K” X IR+ follows by homogeneity. □ 

Lemma 5.8. There exists Sq such that for all e G (0,£o), there exist C\^C 2 > 0 such that for all {x,f) G 
Krg X M" and t > 0, we have 


(ICP Tr^) < Ci{q^2^ql}{x,f) + C 2 


|5|2+r2 


Proof. By the same argument, we may restrict to the compact {x, r) € Krg x {(^, r) G M" xIR+, = 

1}. There, the inequality follows from Lemma 5.7 and the continuity of the maps e 1 —>■ g®, j = 1, 2 from K 
to C^(y), where ^ is a neighborhood of Krg x {(^,t) € M” x IR+, = 1} in K” x M” x IR+. □ 

Now, we set 

= (qlf + + i'Pxrfq2- 

The symbol pp{x,f') satisfies the property that pp{x,f') = 0 if and only if there exists real such that 

£ 

P^{x,^',P,ri) = 0- This is easily seen by noticing that the zero of qf can only be with 
Notice also that is a tangential symbol of order 2. 
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Lemma 5.9. There exists eg such that for all s € (0, £o), there exist Ci,C 2 > 0 such that for all (x, f') G 
Krg X and r > 0, we have 


i\f'f+T^)<Cibl+C2 


|eP + r2 


+ ICal 



(5.17) 


Proof Note first that for any {x,^',fn) with ^ , we have qf{x,^',^n) = 0 and 

P^(a:,C',Cn) = qUx,^',^n) = (■i/'i„)"V^(a;.C')- 

Now, assume fj,^{x,f') = 0 and = 0. Setting ^ , we have p‘^{x,^', ^„) = 0. Using Lemma 5.8, 

we have {q^, qi}{x,f',fn) > 0. According to the definition of i?| in (5.16), we have b 2 {x,^',^n) >0. As a 
consequence, we have 

{p’'{x,f') = 0 and = O) ^ 5|(a:,^',^„) > 0. 

Moreover, all terms in (5.17) are homogeneous of order 2 in the variables {f, r) and continuous on (^', r) yf 
(0,0). Hence, applying Lemma A.l below on the compact set Krg x {('C^T) € x IR+, = 

l,^a = 0} yields (5.17) on that set. The conclusion follows by homogeneity. □ 

Taking the real part of (5.14) and using (5.16), we obtain 

\\P^,sf Wo - rRe (B^if)) = ||q|/|[ + ||Qf/|[ + r Re {B^J, /) + r Re ((RgQ^ + BfQDf, /) . (5.18) 
Concerning the remainder term, we have 


T\Re[{B^oQl + BlQl)fj)\ < T||/||o||g|/||o + T|/|i||QI/||o 

< r-V2 (r\f\l^ + WQlfWl + r^QUWl) ■ (5-19) 

Defining now 

E = (Qf)2 + 2£QfV’"„,.JC;^a) + 

with principal symbol , and for an operator G with principal symbol the tangential Carding 

inequality in the class 5'^(|^'| + r)^, \dx'\'^ + (see [H6r85, Chapter XVIII] or [LerlO]), in which 

symbols are allowed to depend smoothly upon the variable a;„ yields, for t sufficiently large. 

If Hr <CRe (Blf, f) + Re (E/, Gf) + |!D,/||g. (5.20) 

Writing tpHDn = ^(Qi — ~ *5i (where does not vanish), this allows to estimate the full 

norm ||/||i,t according to 


||/||l.r<C(||g!/||o + |/|l,.). 


(5.21) 


Recalling the definitions of Qf in (5.9), we also have 

S = Q(Q!-[i^n,V';j)-C^") +2£QfC.=..(C;^a) 

+ (C)" (O 2 - Dl + 2ef^'H^rAD^;Dg)) 

= - [D„,<J) - [D„,V>LJ) +2eQ?C...(C;^a) 

+ (0" (<52 + 2#"„..„(^n;i^a)) , (5.22) 
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and hence 


S G + 2 eC.=.„ {ii’LfD^ + QW.^\Da) + V\Ql +Vl+ V°Dr,. 

We now want to estimate the term Re (S/, Gf) in (5.20). For this, integrating by parts in the tangential 
direction Xa, we have 

I + Ql^L ; Da) f, Gf) I < G\\ {D,} /IIll/ll 1,.. 


This yields 

|(S/,G/)| < G||g^/||o||/||o + 


-f:'^^Qlf,Gf 


+IIQ!/lloll/l|i.. + ll/lloll/l|i.. + qi(^a) 


l,r 


< 




C\\fh,r {r-^mfh + +IIQI/llo +T-i||/||i,. + pa/ 11423 ) 


According to (5.20) and (5.21) and (5.23), this now implies 


l!/lllr < Remf,f) + \\QUro~ 

Coming back to (5.18), we obtain, for t large enough. 


-fj'^^Qlf,Gf 


+ r-f Wo+ \\Daf\\i 


I l.r 


< 


< 


|P,^,e/||^-rRe(S^(/))- 


Qy 


Qlf 


+ ''■pa/llo + 


-pPf/,G/ 


|P,^,e/||^ - r Re (S^(/)) + Tpa/IlP r 


-pPf/,G/ 


Recalling te definition of Qf, we have Qf = Zl„ + Gi, where Gi G I?/ is a differential operator of order 
1 (in we finally have 

t||/||?.. < liP.e/llo - r Re {B^{f)) + rpa/||^ + r |(Z?„/ + Gi/, G/)o|, (5.24) 

where G a tangential pseudodifferential operator of order zero. Recalling the form of B^{f) in (5.15) gives 
the bound \B‘^{f )\ < r^|/|a;^^olo + P/|a;„=olo> which concludes the proof of (5.7). 

Now if f\x^=o = 0, all tangential derivatives vanish. With (5.24) and the form of B^{f) in (5.15), this 
yields 

rll/lll. < ||P,e/|lo - 2 t(PP„/, i?„/)o + rpa/llg, 
which proves (5.8) since tpx„ > 0 for {x',Xn = 0) G AT. This concludes the proof of Proposition 5.6. □ 

We turn now to the proof of Theorem 5.2. 

Proof of Theorem 5.2. In the proof, we consider functions u G G^ {Kxg/ 4 ) where Kj. is defined in (5.1). 
Let X G G“(RR"a(0,ro)) such that x = 1 on (0, ro/2). Setting v = 

and / = xya)v(x), we have supp(/) C Krg so that we may apply Proposition 5.6 to /. We have 
V — f = (1 — x)Qt,T'^ = (1 ~ x)e~^'^“'^(xe^’^M) for some x G G“(i3Rno (0, ro/3)) with x = 1 in a 
neighborhood of i?Rna (0, ro/4). As a consequence of Lemma 2.4, we have, for r > Tq 

lkl|i.r< ||/||i.. + Ge-^5||e"P||n. (5.25) 


Now, it remains to estimate the terms on the RHS of Proposition 5.6 in terms of v. Notice first that the 
same reasonning with Lemma 2.4 (using that Da is tangential) allows to estimate the boundary terms as: 

|/|x„=o|o< k|a;„=o|o + |e^’^M|,j;„=o|o, (5.26) 
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and, with Dv — Df = D — x)e , 

|^/|.„=o|o < \Dv\^„^o\o + Ce-^" |e"’^W|.„=o|o + |e"^(rV>' + D)u\,^^o\o 

+Ce-^5|e"’^7^U|,„^o|o 

< |i?z;|,„=olo + Cre-^J|e"’^U|,„=olo + Ce-^"|e"’^i?«|.„=olo (5.27) 

Second, we estimate \\P^,ef Wo = ll^V.eX^llo = WxPi^,evWo + II xl^llo- For the commutator, we write 
[FV.e,x]^ = [7’^,e, xe'^^u. We notice that [P^,e,x] is a differential operator of order 1 in {D,t) 

with some coefficients supported on supp(x^ ) that is, away from supp(x). In particular. Lemma 2.4 
implies || x]u||g < Ce~^i ||e'^’^'u|| ^ This yields 


IIP, 


j/j.eJ 


lo - 


iPy-.e^llo + C'e' 


le^’^ul 


(5.28) 


Now, it remains to treat the term UPa/Ho- Similarly, we obtain 


\DafWo = ||P>a(xi.’)llo < lIxPavllo + ||xL„e 


^ ||Pa'c||o + Ce 


le^’^ul 


(5.29) 


where we have used again Lemma 2.4. 

Let c a small constant to be fixed later on. We distinguish between frequencies of size smaller and 
bigger than cr. We get for r > -i- large enough (so that the function s i—)■ se“ 2 V® is decreasing on 

^>vT) 


llPat'llo = ||Pae-^?l^“l'e"’^M||o < ||Palpj<.rt’||o + |1 Pal p 0 

< <?t||v||o+CT e"^||e'^’^u||o (5.30) 

We may now apply Proposition 5.6 to /. Combining the Carleman estimate (5.7) with (5.28), (5.29), 
(5.30), (5.26), (5.27), we obtain, for some Ci > 0 and r > Tq with tq (depending also on c,e)) sufficiently 
large, 

C.rWvWlr < ||P^.et;||^ + Ce-2^^ 

+r^|v|x„=olo + |e'^’^M|a,„=olo + T|PU|a;„=olo + |e^’^Pu|a;„=olo- 

Fixing c < Cil2, this yields, for some d > 0 (e is fixed already) and r > tq, 

Cl 


ii 2 ^ II II 2 

+r^k|x„=olo + e"'''"|e'"’^U|,,„=olo + T|P^'|x„=olo + e”''^|e'"’^P'U|„„=olo- (5-31) 

Similarly, if moreover ip'^^ > 0 for {x'^Xn = 0) € Kr^, then (5.8) yields for all u G C'^(i^^o/ 4 ) such that 

U\Xn—0 


^-TWvWir < l|Pi/-.£i’llo + C'e 


rlMIlx < l|C^.wllo + ^ 




and hence 


Cl 


0! 


PrWvWl, < ||P,^,,u||^ + e-^y|e-’^«||;_^. 

Rewriting (5.31)-(5.32) in terms of u concludes the proof of Theorem 5.2. 


(5.32) 

□ 


5.3 The local quantitative uniqueness result 

The Carleman estimates of the previous section have been proved when P has a very specific form. Before 
proving the local quantitative uniqueness result, we first state them in a more invariant way that can be 
obtained by change of coordinates in Xb- When doing so, we strengthen the assumptions made on the 
operator P, still encompassing the cases of wave and Schrodinger operators (or more generally of the form 
of Remark 1.9) 

Up to now, and until the end of the section, P will have the following property: 
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Assumption 5.1. P is a difFerential operator on IR"“ x M"*’ of order two with coefficients analytic in 
the variable Xa- Assume moreover that P has principal symbol independent of Xa of the form p{x,^) = 
Qxb{^a)+qxb{^b), where Qxt are smooth Xb-families of real quadratic forms on IR"“ and M"'’ respectively. 
Moreover, if M and W G K”), independent of Xa, we denote Pv,w = P + W-V + V. 

The proof of the local quantitative uniqueness will then be essentially the same as in the boundaryless 
case. The following Proposition is the counterpart, in the boundary case, of the end of the first step in 
Section 3 (hence containing the geometrical part of the proof of the local uniqueness result). 

Proposition 5.10. Let x^ G {xn = 0} and let P satisfying Assumption 5.1. 

Assume that {xn = 0} is non-characteristic with respect to P. 

Let (j) he a function defined in a neighborhood of x^ in M" such that (j){x^) = 0, and {(p = 0} is a 
strongly pseudoconvex oriented surface at x^ in the sense of Definition 1.6. 

Then, there exists Pq > 0 and a smooth function ip : B(x^,4:Rq) -G M which is a quadratic polynomial 
with respect to Xa G M"“, such that for any R G (0, Po]> there exist e, S, p, r, d, tq, C > 0, such that we have 

P (5< I and (3.13)-(3.14)-(3.15), 

2. for any r > tq, the Carleman estimate (5.4) holds for P, for all u G (^“(M") with supp(t6) C 
P(a;0,4P). 

If moreover (j)',^^{x^) > 0, the Carleman estimate (5.5) holds for P for all u G (^“(IR") withsvLpp{u) C 
B{x'^,AR) and u\x„=o = 0- 

2 

The estimates can also he made uniform for r > tq maxjl, ||P||£oo, ||fP||ioo} if P is replaced by Pw,v, 
as in Corollary 5.3. 


Proof. First, according to non-charactericticity assumption, we have qx^ifs) 7^ 0 for Xb = (a^^jO) and = 
0, = 1. We may thus place ourselves in normal geodesic coordinates for in M”*’, in a sufficiently small 

neighborhood of {x„ = 0}. More precisely (see [H6r85, Appendix C.5]) there exists a local diffeomorphism 
4*6 from a neighborhood of a;° in M”*’ to a neighborhood of 0 in M"'’ such that, setting 4* := IdM"a (8)4'b, 
the principal part of ’i>*P takes the form + r{xb,^ajfb)- From the function (p o 4*“^ (still defining 

a strictly pseudoconvex surface for 4'*P since this property is invariant), we can construct a quadratic 
polynomial ip exactly as in Lemma 3.4/Corollary 3.6 such that the Carleman estimates (5.4)-(5.5) hold for 
4'*P and ip. We then use Corollary 5.4 and then Corollary 5.3 to allow, first, lower order terms analytic 
in Xa and then lower order terms independent on Xa with the right estimates (note that both properties 
are invariant by our change of coordinates in Xb). Applying then the diffeomorphism 4' to come back to 
the original setting yields the sought estimate with ip = ipoA/, which remains a quadratic polynomial with 
respect to the variable Xa (only) since 4' := IdR^a (8)4'b. This proves Item 2. 

Finally, the geometric assertion of Item 1 comes from the application of Lemma 3.4 in the geodesic 
coordinates. There, using the distance N{x,y) = |4'“^(x) — 4f~^(7/)| allows to obtain (3.13)-(3.14)-(3.15) 
with euclidian balls as claimed by Item 1. □ 


The aim of this section is now to prove the following two local results, namely local quantitative 
uniqueness up to and from the boundary. 

Theorem 5.11 (Local quantitative uniqueness up to the boundary). Let x^ G {a;„ = 0} and P satisfying 
Assumption 5.1. Assume that {xn = 0} is non-characteristic with respect to P. 

Assume that there is a function (p defined in a neighborhood of x^ in M" such that (p{x^) = 0, and 
{(p = 0} is a C^ strongly pseudoconvex oriented surface at x^ in the sense of Definition 1.6 and such that 

C„(a;°) > 0. 

Then there exists Rq > 0 such that for any R G (0, i?o)> there exist r > 0, p > 0 for any 6 G (^“(IR") 
such that il(x) = 1 on a neighborhood of {(p > 2p} C B{x^, 3i?), for all ci, k > 0 there exist C, k', p),fo > 0 
such that we have 




1 .+ 






1 .+ 




li,+ ■ 


for all p > Tq and u G C“(IR") such that u^Xn=o = 0- 
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Moreover, under the same assumptions, there exists Cq, k', f3,fo > 0 such that for all V G 
W € M") the previous estimate is still true with P replaced hy Pw,v = P + W ■ V + V with C 

replaced by Comaxll, ||M^||^oo} and uniformly for all p, > fomax{l, ||V^||£oo, ||W^|lioo}. 

This theorem is proved similarly as in the case without boundary. See the details in the proof of the 
related Theorem 5.12 below. 

Theorem 5.12 (Local quantitative uniqueness from the boundary). Let and P satisfying Assumption 
5.1. 

Assume that {xn = 0} is non-characteristic with respect to P. 

Assume that the function 4>{x) = —Xn satisfies the property of Definition 1.6 at x^. 

Then there exists Rq > 0 such that for any R G (0, i?o)> there exist r > 0 for all ci, k > 0 there exist 
C,k',P,tq > 0 such that we have 




11 .+ 


+ \\Pu\\ L2(_B(a;0.4i?)nR") j + C'e 


II.+ ■ 


for all /i > f 0 and u G C“(M") such that u\x„=o = 0- 

The same dependence of the constants holds if P is replaced by Pw,v in Theorem 5.11 

Proof. The proof is very similar to the proof of Theorem 3.1 in Section 3, using the Carleman estimate (5.4) 
of Theorem 5.2 . We only sketch it and underline the differences with respect to the boundaryless case. 
We moreover added the potential V with respect to the general case; we need also check that it is painless 
in the proof. 

Step 1: The geometric setting. We start by choosing 0 = —Xn- The surface {0 = 0} = {— = 0} is 
non characteristic by assumption, and according to Remark 1.9, is hence a strongly pseudoconvex oriented 
surface for P. Proposition 5.10 furnishes an appropriate convexified ip, polynomial of degree two in the 
variable Xa, that satisfies the desired geometric conditions, together with the Carleman estimate (5.4). We 
now follow the proof of the boundaryless case. 

Step 2: Using the Carleman estimate. The point is to use the Carleman estimate (5.4) with weight 
0, applied to the (compactly supported) function w = cr 2 RO'R^\xs,\i' 4 ’)xsi' 4 ’)u. 

Similarly, using the same support property supp(x 5 ) c] — 85, (5[, and Lemma 2.13, we write 

\\Qt,TPw,Vw\\^_^ < \\Qt^r<^2R<JR,\XS,\{i’)Xs{i’)Pw,Vu\\^^^ + \\Qt,TW2RO'R,\XS,\{'fl’)Xs{f’), Pw,v]u\\^_^ 

^ S II / ~ II 

< e ^ e ^ \\Pw,vu\\,4R)n{x„>0}) + \\Qt,TW 2 RcrR.xXs,xWxs{ip), Pwy]u\\Q_^_ ■ 


Next, Lemma 3.7 still holds in Ml} since Xa is a tangential variable (see Remark 5.1). Hence, the commutator 
term is bounded by 


Qt,TW2R<JR,xXS,x{'tp)Xs{i’), P]u 


o,+ 


< Ce 


2<5t 




i,+ 


g-85r gir-c/x 




ll.+ ’ 


with some d (equal to one in a neighborhood of (0 > 2p}ni?(a:°, 37?)) supported in (0 > pj = {xn < —p}- 
Moreover, following Remark 3.8, we can get uniform estimates for the commutator of Pw,v by replacing 

C by Co max 11,11 IP 11 ^oo ^ |. We will not write it any more for sake of clarity but it appears multiplically 

in all the estimates. 

Since the operator only applies in the tangential variable Xa, we have _i_ < 

ll'*^cipw|0 Moreover, since d is supported in {xn < —p} and = e ‘=l^‘ is a regularization in the 
variable Xa, is also supported in {xn < —p} and dcinix) = 0 if > 0. In particular, _|_ = 0- 

That is 


Qt.rPwyw 


o,+ 


< 


Ce ^ e \\Pw,vu\\L2(B(xO,4R)nR:i) 
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The other term in the Carleman estimate that we have to check are 




«^))|x.=olo + e 


—dr 




where we have used that u^Xn=o = = 0. This also implies 


(5.33) 


£’nW|a;„=0 = (o-2flCrfl, aX5. A ('0)X5 (V’)-D„m) |a;„=0- 

Since ||e'^’^X<5,A(V')||icxj ^ thanks to Lemma 2.13, the left hand-side of (5.33) is bounded by 

CXe^^'^e^ ^ 

So, combining the Carleman estimate of Corollary 5.3 and the previous bounds, we have proved for all 
r > romaxjl, ||C|||oo}, C^x, 

\\Qtr<^2RCrR,xXsAi’)Xsii’)u\\^^^^^ < li^'M/.yu|lL2(B(,,0,4fl)nB5;) 

-1-C'A^/^r^/^e‘^'^e ^ \Dnu\]^2i^B{xOXR)r\{x„=o}) 

+CX^/^T^ + re-®^" + ||m||i + . 

So, denoting D = {\\Dnu\\B^B{xO,AR)n{x^=o}) + \\Pu\\B 2 (^B{xO, 4 R)nRi)) ’ can rewrite it as 
\\Qt^r<^2RcrR,\Xs,\{'^)xs{ip)u\\^_^,^ < 

+C^l^^^T^ (^e-^ + ||u||4_+ . 


Step 3: A complex analysis argument. We now proceed exactly as in the boundaryless case. For any 
test function / € (^“(M"), we define the distribution hj (with /3 > 0 to be chosen later on) 

(/i/,w)£/(R),C’~(R) := {(T2RcrR^xxsA'>P)xs{ip)w{xp)u, f)} hI(r^),H-HR'^)- 

We proceed similarly, noticing at the end that C“(IR") is dense in the dual space iL“^(IR") and that 

all operations are tangential. The analogue of Lemma 3.10 is proved with the same complex analysis 

argument (which does not involve the x-space, but only complexifies the Carleman large parameter r), 

2 

using Lemma 3.11. This yields the analogous result for fj, > Cromaxll, ||V^||£oo}. 

Finally, it remains to transfer the estimate obtained on \\Qf Tcr2R<JR^xXs,x{'4’)xs{i^)u\\^ ^ to an esti¬ 
mate on _i_. The computations of the end of Section 3.3 remain valid in the present context 

for the following two reasons: (a) the operators are tangential and the associated estimates of Sec¬ 
tion 2.4.1 still hold; (b) these computations only rely on the geometric fact that an = xsH’) = Xsii’) = 
rjsixp) = 1 on a neighborhood of supp(CTr), which now follows from Proposition 5.10. □ 


5.4 The semiglobal estimate with boundary 

In this section, we prove a version of Theorem 1.10/4.7 adapted to the boundary value problem. More 
precisely, the following result considers, under the assumptions of the above uniqueness results, the Dirichlet 
boundary condition at the bottom and the top of the graph, with an observation at the bottom. 

Recall that in the present context, the analytic variable is supposed to be tangential to the boundary. 
In the following results (as opposed to the boundary less case), this translates into the fact that we assume 
that, in the splittings x = (x',x„) € x [0,t'o] and x = {xa,Xb) G M”“ x M”*’, the variable x„ = x)) 

always belongs to the Xb variables. 

In Theorem 5.13 below, we state the semiglobal estimate with an observation from the boundary (i.e. 
the first hypersurface Sq is a Dirichlet boundary) and if the last hypersurface S'! touches a (Dirichlet) 
boundary. This is the most intricate situation. The proof is the same in the cases where the last hyper¬ 
surface does not touch the boundary, or if we have an internal observation around the first surface. We do 
not state these cases for the sake of concision. 
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Theorem 5.13. Let D he a hounded open subset o/M" ^ with smooth houndary. Let G = G{x',s) € 
G^{D X [0,1 + 77 )), such that 

• For all e G (0,1], we have {x' G G(x', e) > 0} = D 

• for all x' G D, the function e 1 —>■ G{x',e) is strictly increasing 

• for all s G (0,1], we have {x' G = 0} = dD 

We further set 

£0 = max G(a;', 1), G(x',0)=0, So = D x {xn = 0} , 

x'GD 

and, for e G (0,1], 

Se = {{x', Xn) G IR", Xn>0 and G{x', e) = a;„} = (£> x M) n {{x', x„) G M", G(x',£) = x„}, 

K = {x € M", 0 < Xn < G{x', 1)}. 

We let LI be a neighborhood of K in x [0,^o] and D be a neighborhood of D in 

Let P satisfying Assumption 5.1. Assume that {xn = 0} and {xn = ^o} are non-characteristic with 
respect to P. 

Assume also that for any e G [0,1], the function 


(fsix', Xn) := G{x', e) - Xn 

is strictly pseudoconvex with respect to P on the whole Sg. 

Then, there exist a neighborhood U of K and constants k, G, /iq > 0 such that for all for all u G 
G“(IR"“^ X [0,fo]) satisfying 


u\x„=o = u\x„=eo = on D 


we have, with Py = P -\-V 

/ \ G 

II'*^IIl 2((7) ^ C'e ^ II + \\Pu\\ L2(n)j + ^ II“IIhi(K"-1x[0,4]) 

for all pL> fiQ. 

Moreover, under the same assumptions, there exists Gq, k', f3,fo > 0 such that for all V G 
W G M") the previous estimate is still true with P replaced by Pwy = P W ■ V V with G 

- ' 2 

replaced by Gomaxjl, ||lT||^oo} and uniformly for all p, > fomax{l, ||V^||£oo, ||W^|lioo}. 

Proof. For simplicity, we first make the proof for V = 0 and we will check the dependence in V at the end. 

We will use the same scheme of proof as for Theorem 4.7. We first note that the notion of <1 can be 
extended to the case when there is a boundary and the variables f,a are tangential to this boundary. Then, 
the local uniqueness results of Corollary 4.6, and Theorem 5.11, can be written as 

B{x°, r) < [{(f > p}n B{x°, 4R)] (5.34) 

as long as B{x^,AR) n {a;„ = 0} = 0. Indeed, in (5.34), the case where B{x^,4R) n {x„ = £ 0 } = 0 follows 
from the internal quantitative uniqueness result (e.g. Corollary 4.6), whereas the case “up to the boundary” 
B{x^, AR) n {xn = ^ 0 } 7 ^ 0 follows from Theorem 5.11. To apply this theorem in this context, one needs to 
make the change of variables Xn f-o — Xn, which transforms {xn < io} into M” and (fg = G{x',£) — Xn 
to (jig := G{x’,£) — (£0 — Xn)- The condition dx„<j)e = —dxr,4‘e = 1 > 0 is satisfied, the surface {a;„ = 0} 
(new coordinates) remains noncharacteristic; the pseudoconvexity assumption is invariant as well. 

Claim: For any w open neighborhood of S'o = G x {x„ = 0}, there exists an open neighborhood U of 
K (for the topology of x [0,£o]) such that 

Lf <\ui. 
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The claim can be proved with almost the same proof as that of Theorem 4.7, but using in addition Theorem 
5.11 instead of only Theorem 3.1. So, we have to ensure that in the proof, we only apply Theorem 5.11 for 
some points with B{x^ , AR^ ) n {xn = 0} = 0. This is the point of Remark 4.10, which then allows to 
prove the Claim as in Theorem 4.7. 

Now, let x^ € D X {xn = 0}. We apply Theorem 5.12 with small enough so that x {xn = 0}n 
B{x, Rx) C {xn = 0} X II and B{x, Rx) C fl. It gives Tx so that for some /3, k, C, k', /xq > 0, 


„u 


1 .+ 


<Ce^^(^ DnU\x„=o ^ 2 ( 5 ) + + C'e 


— K fJ. I 


II,+ • 


where is centered in a;°. By compactness of D, we can cover it by a finite number of such balls 
(B{x\R)).^j. Pick ■& G X [0,£o]) with supp(-d) C Ui^iB{x\R) so that -d = 1 in a neighborhood 

tJ of So- Lemma 2.12 gives that for functions a^i equal to one on B{x'^,R), the estimate 






iei 


1 .+ 


+ I 


li.+ 


Now, apply the Claim with the selected w and for some d G {U C M" ^ 
neighborhood of K. For some ki < min(c/2, k'), there exist Ci, n'-y > 0 so that 




< 


1 .+ 






\\Pu\\ 


L2(a) 


TC'e-'^i^ 


This implies, for some K 2 ,k' 2 ,C > 0, 




i,+ 




X [0,£o]) equal to 1 in a 

lklli.+ - 


We finish the proof as in Theorem 1.10 once Theorem 4.7 is proved, taking into account Remark 5.1. 

Now, if P is replaced by Pwy, we want to obtain the uniformity with respect to the size of V and W. 
It is clear that the proof of the Theorem involves a finite number of applications of Theorem 5.11 and 5.12. 
Indeed, the scheme of proof of Theorem 4.7 only involves a finite number of applications of the geometric 
propagation of the property O. They can be divided in two categories: the general ones described in 
Proposition 4.5 that are completely independent of the operator P (so, the constants will be independent 
of V and W) and those using Theorems 5.11 and 5.12 where the dependence of the constants /xq and 
C is explicitly described. Note also that in all the properties (propagation, transitivity, simplification...) 
that we prove about some relations < 1 , once k is fixed, the fiQ corresponding to some relations is always 
transformed into the some linear combination (with universal constants) of the /xq corresponding to the 
previous ones. This is the same for the constants C involved in O. Finally, a finite number of applications 
of these rules will always conclude with the restriction of the form /x > tq max{l, ||P||£cxj, ||kF||^oo} and C 
of the form Co max { 1 , ||lP||j;,oo}, once n is fixed. □ 


6 Applications 

We now give applications of the above main results, namely Theorem 1.10 and, in the case with boundary 
Theorem 5.13 to the wave and Schrodinger operators. In these applications, we study an evolution equation 
in the analytic variable. We thus have rxa = 1, xxb = u — 1 = dim(Al) and we denote accordingly t = Xa 
the time variable and x = x^ the space variable. In this section, we prove general versions of Theorems 1.1 
and 1.4: we add (complex valued) lower order terms that are analytic in time. We also provide uniform 
estimates with respect to these lower order terms if they are time independent. 

The proof consists each time in the application of the quantitative estimates of Theorem 5.13 and then 
using energy estimates to relate the energy to the initial data and source term. Note that the first step, 
the quantitative unique continuation itself, does not see the lower order terms. For instance. Theorem 6.6 
below is equally valid for the Schrodinger equation idt + Ag, the heat equation dt — Ag, Ginzburg-Landau 
e^^dt + Ag, etc. 
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6.1 The wave equation 

Our result for the wave equation can be formulated as follows. 

Theorem 6.1. Let M he a eompact Riemannian manifold with (or without) boundary, Ag the Laplace- 
Beltrami operator on A4, and 

P = d(-Ag + Wodt + Wi-\7 + V 

with V,Wo,Wi,diY(Wi) bounded and depending analytically on the variable t € (—T, T). 

For any nonempty open subset uj of M. and any T > £.(A4 ,uj), there exist C,k,iio > 0 such that for 
any (mqjWi) € Hq{A4) x f € T^((— T,T) x A4) and associated solution u of 


r Pu = f 

in (— T, T) X Ai, 


< 'U-\dM = 0 

in l-T,T) X dAi, 

(6.1) 

[ {u,dtu)\t=o = {uo,ui) 

in Ai, 


we have, for any p> po. 



(uo,Ui) 2,2x77-1 — {\\'^\\l2{{-T,T)-,H^{cj)) 

\ c 

+ / L2((_7’ 7’)xAr)) ~ (^0, Ml) 271x7.2 ' 

/ u 

(6.2) 


If moreover all coefficients of P are analytic in t and x, and dAi = 0, there exists (p € C“((—T, T) x w) 
such that for any s € M, we have 

||(uo,'Ui)||^ 2 xi/-i < Ce”'' = ^ IK^Oi II//i ' 

If dAi 7 ^ 0 and F is a non empty open subset of dA4, for any T > L{Ad,T), there exist C,K,po > 0 such 
that for any (uo,ui) G Hq^AP) x L‘^{Ai), f G Lf{{—T,T) x Ai) and associated solution u of (6.1), we 
have 

11(^0,^1)112^2x77-1 ^ Cte ^ ^||'9i2'w||2^2q_7'7')xr) + II/IIl2((_7’_7’)xA^)) P ~ IK'^^O, ^^1) II 771 xL^ ■ (6-3) 

Finally, if V, Wq and Wi are time-independent then we have the following stronger result. There exist 

Co,K,fj,Q > 0 such that for any (uo,Ui) € ilg(Al) x L‘^(Ai), f G Lf{{—T,T) x AP) and associated solution 

u of (6.1), and for any V, Wq, Wi, div(lFi) bounded in the x-variable (all independent oft), estimates (6.2) 

2 

and (6.3) hold uniformly for all p, > pLoma.x{l,\\V\\faa,\\Wo\\)^aa,\\Wi\\)^aa} with constant 

(7 = Co exp (Comax|||C|| 2 ^,»(_^) ,||Wo|| 2 ,oo(_^) ,||VFi|| 2 ^oo(;oi) ,lidiv(lFi)|| 2 ^,»(_^)|) . 

Remark 6.2. Using Lemma A.3 and the admissibility ||5,2u||2^2(]_7. 7 .[xr) — || (uq, Ui)|l 22 i^ 2 . 2 , the previ¬ 

ous estimates can be written as in Corollary 1.2 with some constants depending explicitly on the norms 
of the lower order terms. 

Theorem 6.1 above is a consequence of the following result, together with basic energy estimates for 
solutions to the wave equation. 

Theorem 6.3. Let Ai be a compact Riemannian manifold with (or without) boundary, Ag the Laplace- 
Beltrami operator on Ai, and P = d( — Ag -\- R with R = R(t, x, dt, dx) is a differential operator of order 
one on {—T,T) x Ai, bounded in the x-variable and depending analytically on the variable t G {—T,T) at 
any x G Ai. 

For any nonempty open subset to of Ai and any T > £.(Ai,uj), there exist e,C, k, po > 0 such that for 
any u G H^((—T,T) x Ai) and f G Lf{{—T,T) x M.) solving 


Pu = f in{-T,T)xAi, 

\QM =0 in \-T,T) X dAi, 


we have, for any p > po. 


\L^((-e,e)xM) — Ce”'' (l|■w||7,2((_T 7’).77i(^)) + II/IIl 2 ((_t_ 7 ’)xA 7 )) 


\H^((-T,T)xM) 
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If moreover A4 and the metric g and lower order terms R are analytic, and dM. = 0, there exists ip G 
C'“((—r, T) X w) such that for any s € M, we have 

ll“llL2((-£,e)xA^) — = + W fW L2((-T,T)xM)) + ~ W'^W {{-T,T)xM) ' 

If dAi 0 and F is a non empty open subset of dAi, for any T > L{Ai,T), there exist s,C,K,po > 0 
such that for any u € x Ai) and f € lf{{—T,T) x Ai) solving (6.4), we have 

ll“llL2((-e,e)xA1) — Ce^^ + II/IIl2((_7’_7’)xA1)) + ~ \\'^\\h^((-T,T)^M) ' 

Finally, if all lower order terms are time-independent, that is if R = Wodt + Wi • V + y does not depend 

on t, then we have the following stronger result. There exist s,Co, k, pq > 0 such that for any u € 

H^{f—T,T) X Ad) and f G lP'{{—T,T) x Ad) solving (6.4) and for any V,Wo € L°°(Ad) and Wi a L°° 

2 

vector field on Ai, all above estimates hold uniformly for all p > /iomax{l, ||y|||,oo, Hiyolli”) I|W^i|Il“} 
and C replaced by Comax{l, ||VF||^oo}. 

We first prove Theorem 6.3 and then conclude with the proof of Theorem 6.1. 

Proof of Theorem 6.3. We only prove here the more complicated case of the boundary observation. The 
internal observation case is simpler and follows the same proof. To transport the information from one 
point x^ to another point x^, the idea is to build nice coordinates in a neighborhood of a path between 
x^ and x^. In these coordinates, we construct an appropriate foliation in which to apply our semi-global 
estimate. To construct these coordinates, we follow the presentation of Lebeau [Leb92, pp 21-22]. 

We fix a point x^ € Ad. We can find € F and a path 7 : [ 0 , 1 ] —)■ AI of length £0 with £{Ad, F) < 
£0 < T (see the definition of £(A4,F) in (1.3)) so that 7 ( 0 ) = x^ and 7 ( 1 ) = x^. Moreover, we can impose 
that 

{ 7 does not have self intersection 
7 ( 5 ) G AI for s ejO, 1[ 

7 ( 0 ) and 7 ( 1 ) are orthogonal to dAd. 

According to Lemma 6.4 below, we can find local coordinates (w,Xn) near 7 in which Ad is defined by 
0 < Xn < £ 0 , the path 7 by 7 ( 5 ) = (0, s£o) and the metric is given by the matrix m(w, Xn) € M„(IR) with 

m{w,Xn) = ^ ^ -F C>m„(r)(|w|), for w G Bs,^-i(f),5),5 > 0, (6.5) 

with m'{xn) G M„_i(IR) (uniformly) definite symmetric. With these coordinates in the space variable, 
and still using the straight time variable, the symbol of the wave operator is given by 

p{t,W,Xn,T,f.uj,^n) = p{w, Xn,T, fn) = -f (m(w, X„)^, ^) , f = ((,w,f,n), (6.6) 

where we have used r for the dual of the time variable and for the dual to w G i?Rn-i (0, (5) and 

Xn G [0,4]. 

We now aim to apply Theorem 5.13. Pick again 4 with < 4 < T- For b < 6 small, to be fixed later 
on, we define 


G{t, w, e) 



{t,w), 



(j)s{t,W,Xn) ■■= G{t,W,e) - Xn, £ G (0, 1] 


where ip is such that 


Ip even, ip{dzi) = 0, ^/’(O) = 1, 

ipis) > 0, \ip'is)\ < a, for s G (—1,1], 
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with 1 < a < 1^. This is possible since |^ > 1. 

Note also that the point {t = 0,w = 0,Xn = (o) corresponding in the local coordinates to belongs 
to {</>! =0}. We have 


d<j)s{t,W,Xn) = s£o 




dXn 


Given the form of the principal symbol of the wave operator in these coordinates (see (6.5)-(6.6)), we 
obtain 


p{w,Xn,d(j)e{t,W,Xn)) 


+^l^{m'ixn)w,w) + {^) ^ IV'T + l 


where is taken at the point 




Now, since a < ^ and m'{xn) is uniformly (for 


Xn € [Ojt'o]) definite positive, there is ry > 0 so that for |r/;| < b small enough, we have 

l + 0(|u;|2) > 

{m' {Xn)w,w) + 0{\w\^)\w\^ > \{m' {Xn)w,w) >Q. 


Hence, there is a sufficiently small neighborhood (taking again b small enough) of the path (i.e. of ru = 0), 
in which we have (for any £ G [0,1]), and any {t,w,Xn) & D x [0,fo] 


p{w,Xn,d(j)e{t,W,Xn)) > 
> 



+ p 


So, the surface {(j>e = 0} is noncharacteristic for any e G [0,1] and, therefore, strictly pseudoconvex with 
respect to the wave operator, see Remark 1.9. 

Moreover, since b can be chosen arbitrary small and G T open, we can select b small enough so that 
in the chosen coordinates, we have D C [— to,^o] x h. Therefore, applying Theorem 5.13 in the chosen 
coordinates and writing (with a slight abuse of notation) the final result in an invariant way, we get 


II“IIl 2((7) — (ll^i^'*^llL2((-T,T)xr) + ll-f’'*^llL2((-T,T)xA1)) + ^ ll^llffi((-T,T)xA1) > 

where C/ is a neigborhood (in the local coordinates) of {<j)i = 0} and in particular a neighborhood of x^ (in 
the global coordinates). Note, that we actually apply the Theorem to yu with y G C°°(]— T, T[xA^) so that 
in the coordinate charts, yu G (^“([O, ^o] x M"“^) and y = 1 on a neighborhood of the fl defined in Theorem 
5.13. We have therefore WPxAh^in) = ll^w|lL 2 (n) < C*ll^«llL 2 (]-T.T[xAr) and ||yM|lHi([oA]xB"-i) < 
(where we have switched from some coordinate set to another with a slight abuse of 

notation). 

Since the previous property is true for any x^ G Ai, we obtain by compactness (taking the worst of all 
the constants k, C, pe), using only a finite number of this estimate, that there exists £ > 0 so that we have 


l|■a|lL2((_e,e)xA1) ^ (ll L2 ((_t_ 7^) xT) + II-P“IIl2(] -T,T[-kM) 


,, l|■a||//l((-T.T)xA1) ■ 


70 



This concludes the proof of the theorem in the general (boundary) case. 

For the last analytic case, we apply the same reasoning as before using the case Ua = n of Theorem 
1.10 and taking care for having some analytic change of coordinates. For instance, we need to have an 
analytic path. So, it leads to an observation ||<y 9 u|| where iy 9 = 1 on all the cutoff functions obtained by 
the theorem. 

The lower order term depending analytically in time are treated using Corollary 5.4 and Remark 3.8. 
The uniform dependence with respect to time independent lower order terms follows from the fact that 
we use only a finite number of times Theorem 5.13. □ 

With Theorem 6.3, we now conclude the proof of Theorem 6.1, using energy estimates to relate 
11 (^ 0 ,to IIwi)||^ 2 xi/-i(;n) to \\'*^\\l^({-t,t)>^m)' These estimates 

are very classical in the selfadjoint case (which we omit here) and need a little care in the general case. 

Proof of Theorem 6.1. We consider a perturbation of order one Rft, x, dt,dx)u = V(t, x)u + Wo(t, x)dtu + 
Wi{t,x) ■ Vm and perform the energy estimates. We have the pointwise in time estimate, for s € [—T,T], 

P(s)w(s)IIl2 < Cr (IIm(s)II^I(^) + l|9tM(s)||^2(^)) 

with 

Cr = l|t^llL°o([-T.r]xA1) T II^o|Iloo([_j'_7’]xA1) + II^iIIl“([-t,t]xai) ■ 

Using the Dumamel formula and Gronwall Lemma, it gives 

ll(M,atM)(t)ll 

m-KL'^(M) < ((||(uo > ^l)llffixL2(_A4) + II/IIli([-T,T],L 2 )) , 

and in particular, integrating in time, 

ll“llffi(]-T'r[xA 1 ) - ((IKuo 

’'*^i)IIh1xL2(A4) + II/IIl 1 ([-TT]T^)) ■ 

Let R*{t,x,dt, Dx)u = V{t,x)u — dt{Wo{t,x)u) — div{Wi{t,x)u) be the formal (space-time) adjoint of R 
(we take the real duality for simplicity). 

If (vo,vi) G X let V be the associate solution of Du -|- R*v = 0. We have 

P*(s)v(s )||^2 < Cfi. (llf(s)llffl(^) + || 5 tu(s)||i 2 (_;V 4 )) , 

with 


Cr* - II^IIl“([0,£]xA 1) + ll^o|lwi.°°([0,e].L“(A1)) + ll^lllL“'([0,e]xAr) + II VFi || j^oo([o_e] x A1) ' 

Similar energy estimate applied to v give 

ll^llHi((-e.£)x>l) — ll(^0,^'l)||_f/ixL2(;V|) • 

X G (^“([Oje]) so that x(0) = 1, x(0) = 0 x(e) = 0 x(^) = 0- Then, w = x(0^ is solution of 

r Dw-I-= 2x(t)dtv + x(t)lVov + x(t)v := g 
S u^lOM = 0 

[ (w,dtw)it=o = (vo,vi) 

Then, g is a (trivial) control that (vo,vi) to zero, i.e. (w,9tw)|t=e = (0,0), with ||ff|lL2(]Q ^[xAi) — 
GigCCfl. ||(tio,ui)||^ixi 2 . So, the usual computation yields, after integrating by parts 


/ ug= u{D + R*)w= / MiVo — / uqVi — / 

J] 0 ,eWM J] 0 ,eWM J M JM JM 


/] 0 ,e[xX 1 
and in particular 


Wo( 0 ,a:)uowo 


}]—e,£[xM. 


fw 


{{uo,Ui),{-Vi,Vo))r 2 ^H-i^r 2 ^H 1 < 

< 


C ll“llL2(]0,e[xA1) llffllL2(]o,e[xAr) ^ II/II L2(]0,e[x A1) II^IIl2(]o,£[xA1) 

Ce^^ ||(U0, Vi)||^ixi2 (ll^llL2(]o^e[xA1) + ll/ll 
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L2(]o,e[xX1) 



where (•,•) is the twisted duality ((mo,mi), (ui,uo))L2x//-i,L2xi/i = Jj^uqVi- Jj^WoiO,x)uoVo. 

By specifying to uq and ||wi||j;,2 = 1, this gives first by duality. 


\\uo\\l 2 = sup / M0t’l<C'e'^«(||u|lL2(]0,e[xA1) + ll/llL2(]0,e[xA1))- 

\\vi\\l2=1JM 

Then, with ui = 0 and HuoU^i = 1, we get 




= sup 


UiVq < sup 


1=1 JM 


1=1 JM 


UiVq 


WoiO,x)uoVo 


WoiO,x)uoVo 


IM 


IM 


< sup 

((wo, '^ 1)5 (0; ^o))L2xi/~i,L2x//i 

+ sup 1 

[ Wo(0,a;)uono 

lhol4i = 

= 1 

lhol4i=l a 

M 

< C'e'^n ( 

£ \ 
L2(]o,£[x74) + \\f\\L2Q0,s[xM) 

) +^111^011^ 

00 ||woIIl2 . 


So, finally, we have 


II(mo,mi)II 




< 


Il 2 (]o,£[xA 1) 


lL2(]0.e[xA1) 


( 6 . 8 ) 


In the particular case where the perturbation is independent on time, we have 

Cr + Cr. < C'max|||I/||i,»(^), ||ITo|Iloo(_a4 ) , , ||div(lTi)||^,»(^)|. 

The combination of Theorem 6.3, together with estimates (6.7) and (6.8) gives the sought result. □ 

The following Lemma is contained in Lebeau [Leb92] p22, see also Lemma 11.38 pp 221 of [ABB12]. 
We give the proof for sake of completeness. 

Lemma 6.4. Let 7(6,1] —> he a smooth path without self intersection of length £0 so that 

7(5) e for s €]0,1[ 

7(0) = xo and 7(1) = xi belong to dM 
7(0) and 7(1) are orthogonal to dAi 

Then, there are some coordinates {w,l) € i?Rn-i (0, e) x [0,fo] open neighborhood U near 7([0,1]) so 

that 


• 7([0,1]) = {■u; = 0} X [0,4], 

• the metric g is of the form m(l, w) 


1 0 
0 m'{l) 


+ Om„(K)(|w^I); 


• in coordinates, we have AiC\U = i3Rn-i(0,£) x [0,4] /or some e > 0. 

Proof. The path 7 is of length £q so, we can reparametrize it by 7 : [0, £0] Ai such that 7 is unitary 
(that is l|7(s)l|..y(5) = 1) Moreover, since 7 does not have self intersection, there exist U a neighborhood (in 
the topology of Al) of 7 and a diffeomorphism ip (in the structure of Al) such that 

• ipiU) C {{x,y) G K” Ja; G [-£,4 +e], \y\ < £>, 

• V'( 7 (s)) = (s, 0 ). 


• tpiU) = {{x,y) G M",/i(i/) < X < f2{y) \x G [—£,4 +£]) \y\ < £} for some smooth functions 4 lo¬ 
cally defined 

Up to making the change of variable {x,y) 1—)■ (a; — fi{y),y), we can moreover impose /i = 0 and change 
4 by 4 - /i. 

Then, we make some change of variable to diagonalize the metric on 7. By unitarity of the coordinates, 
the metric on 7 has the form 

sm)- 
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where I is a line vector and g is a positive definite matrix. We perform the change of variable $ : (x, y) i—>■ 


(x, y) = (x — Ux • y, y)- In y = 0, we have D^{x, 0) = 


1 Qx 

0 Id 


with *D^{x, 0) = 


1 


0 


(in 


particular, the change of variable is valid for small y) and Z)$(x,0) ^ = 


1 dx 

0 Id 


—^dx Id 
with ^D^{x, 0)“^ = 


1 0 
*'dx Id 


. Moreover, in the new coordinates, the set in {y = 0} and the metric there is given by 


1 


Hix) +‘a(x) 


l{x) + d(x) 


*D<l>(x,0)-^m(x,0)D<l>(x,0)-^ = 

So, we choose d(x) = —l(x) so that in this new coordinates m(x, 0) is of the form 

m(x, 0) = 


1 0 
0 * 


(6.9) 


We notice that since 7(0) is orthogonal to dM which is defined locally by {x = 0}, we have 1(0) = 0 
(7(0) = (1,0) so it implies ‘(0, j/)m(0, 0)7(0) =* l{0)y for all y). In particular, $ restricted to {x = 0} is 
the identity. 

This implies that in this new coordinates, A1 is still defined near 7 by 0 < x < f 2 {y) (now, we still 
denote (x,y) for {x,y)). We still have /2(0) = £o- Morever, since 7(^0) = (IjO) is orthogonal to dM which 
is defined locally by {x = f 2 {y)} and using that m(x,0) is of the form (6.9), we get d/2(0) = 0. 

Finally, making the change of variable (x, y) i-)- i y), which is the identity on 7, we get that M is 
given 0 < X < £ 0 . Moreover, since df{0) = 0, the metric is not changed on 7. 

The expected property of m is then obtained by the mean value theorem using the diagonal form (6.9) 
on 7. □ 


6.2 The Schrodinger equation 

Now, we turn to the Schrodinger equation. The result are quite similar to the wave equation except for 
two facts. 

The first one is that there is no minimal time. This is quite natural with the infinite speed of propa¬ 
gation. In the proof, this appears in the fact that the principal symbol is |^|g. Therefore, a hypersurface 
{ip(t,x) = 0} is non characteristic if Vx^^ 7^ 0, without assumption on the time derivative. 

The second difference is that the remainder term involving the {{—T,T), M) norm involves some 
derivative in time and space which do not have the same weight. Hence, since dtu = iAgU, this term will 
actually count for two derivatives in space. 

Theorem 6.5. Let M be a compact Riemannian manifold with (or without) boundary, Ag the Laplace- 
Beltrami operator on M, and 

P = idt + Ag + V 

with V dependinq analytically on the variable t in a neiqhborhood of (—T,T). Assume moreover that 
V e L“((-r, T);W^’^(M)). 

For any nonempty open subset lo of M and any T > 0, there exist C, k, yo > 0 such that for any 
Uq G n Hq, / € if {{—T,T)-, [M)) and associated solution u of 

( idtu + AgU + Vu = f in {—T,T) X M, 

S ■^1374 =0 in It,T) X dM, (6.10) 

[ m(0) = Uq in M, 

we have, for any y> yq, 

||uoIIl2 < Ce”'' + ll/llL2((_T_'r).^2(_A4))) + — l|wo||//2 ■ (6-11) 

If moreover all coefficients of P are analytic in t and x, and dM = 0, there exists (p G C“((—T, T) x to) 
such that for any s € M, we have 

\\uoh2<Ce^^{\\yu\\H-sy_T ,T)xM) ^ ll^o|!/i-2 ■ (6.12) 
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If dA4 7^ 0 and T is a non empty open subset of dAi, then for any T > 0, there exist C, > 0 such 

that for any uq G H H^, and associated solution u of (6.10), we have, for any /i > /io, 

\\u,\\r^<Ce^^(\\dM\ L2((_T,T)xr) + \\f\\L‘^{{-T,T)-H^{M)) ) + ^ll«oll ■ (6.13) 

Finally, ifV is time-independent then we have the following stronger result. There exist Co,k,ixo > 0 such 

that for any uq G n Hq{A 4), f G T) x M.) and associated solution u of (6.10), and for any V 

2 

bounded in the x-variable, estimates (6.11) and (6.13) hold uniformly for all p, > /iomaxjl, ||l^||£oo} with 
constant 

C = Co exp (Co ||V"||^2.oo(;v4)) ■ 

As in the case of the wave equation, the previous Theorem is a combination of the following Theorem 
and energy estimates for the Schrodinger equation. 

Theorem 6.6. Let A4 be a compact Riemannian manifold with (or without) boundary, Ag the Laplace- 
Beltrami operator on A4, and P = Ag + R with R = R{t,x,dt,dx) is a differential operator of order one 
on {—T,T) X M., bounded in the x-variable and depending analytically on the variable t G (—T, T) at any 
X G M.. 

For any nonempty open subset lo of M. and any T > 0, there exist e, C, n, po > 0 such that for any 
u G II^((—T,T) X A4) and f G L^((—T,T) x A4) solving 

f Pu = f in{-T,T)xM, , . 

\ u\QM =0 in (-r,T) X DM, ^ 

the same estimates as Theorem 6.3 hold. 

In the case that R = W^dt + Wi ■ V -\- V does not depend on t, the dependence on the size of the 
coefficients of R remains the same as Theorem 6.3. 

Proof of Theorem 6.6. The proof is quite similar to the one for the wave equation, so we only sketch the 
main steps of the proof. The main difference will be that T can be chosen arbitrary. Pick to arbitrary 
with to < T, this time without any relation with Iq. 

We use the same coordinate charts as defined in the proof of Theorem 6.1 for the wave equation. Then, 
the principal symbol of the Schrodinger operator will be 


p{w,Xn,T,f.uj,fn) = - {m{w, Xn)£., 0 , ^ 


Therefore, p is a quadratic form with real coefficients that is definite on the set {r = 0}. Remark 
1.9 allows to get that any non characteristic hypersurface is strictly pseudoconvex. So, with the same 
definition of <j)g, we get 


p{w,Xn,d4>s{t,W,Xn)) 






But, for w small enough, we still have 


-i+od^n < -1/2 

— {m'{Xn)w,w)-\-0{\w\‘^)\w\'^ < 0. 


In particular, with the same notations as for the wave equation, there exists b small enough so that for 
any £ G [0,1]), and any {t,w,Xn) G D x [0,^o]) we have 


p{w,Xn,d<ps{t,W,Xn)) < 
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So, applying the same reasoning as for the wave equation, we obtain the existence of some k, C, /io and 
e > 0 so that we have 


for any fj,> ^Iq. 

The dependence on the lower order term R follows the same way as for the wave equation. □ 

Proof of Theorem 6.5. Since the multiplication by V acts on Jig and JI^ if using Duhamel 

formula and a Gronwall argument allows to obtain, for s G [—T, T], 

II'*^o|Il2(^) < Ce + \\f\\L'^((-T,T)xM)^ 

l|■*^('S)ll//2(Ar) — '' IIw2.~(A1) ^||mo|!//2 + \\f\\L^({-T,T);H^{M))) ' 

Integrating in time, it gives 

II'*^o|Il2(A1) — ^ 11 /11((_T,T) X AT)) 

To estimate dtu, we notice that dtu = i{A + V)u — if. Therefore, we only need to estimate |jA'u||j;^2. 

l|5t'u||j;,2((_7..r)xA1) — ^ II^IIl2((_t,T);H2) + C || I^|| W'^^W L2((-T,T)xM) + II/IIl2(]_t,T[xA1) 

< Ce '' (lkoll/i -2 + ||/||i2((_7._r).^2(_,vi))) ■ 


So, this gives 

ll'“llr/i((-T,T)xA1) - '' IIw 2.=°(A4) ^||ug||^2 + ll/llL2((-T,T);ff2(_A4))) ■ 

This gives the estimates of the Theorem when combined with Theorem 6.6. □ 

A Two elementary technical lemmata 

In the above proof, we used the following elementary lemma (see e.g. [LRL12]). 

Lemma A.l. Let K he a compact set and f,g,h three continuous real valued functions on K. Assume 
that f > 0 on K, and g > 0 on {f = 0}. Then, there exists Aq, C > 0 such that for all A > Aq, we have 
g + Af — j^h > C on K. 

Lemma A.l is a consequence of the following variant. 

Lemma A.2. Let K he a compact set and f a continuous real valued function on K . Let g and h he two 
hounded function defined on K. Assume that f > 0 on K, and there exists V an open neighborhood of 
{/ = 0} in K so that g > c on V for one constant c > 0. Then, there exists Aq, C > 0 such that for all 
^4 > Aq, we have g + Af — ^h > C on K. 

We also used the following result. 

Lemma A.3. Let Ci, C 2 , and a he positive. Then, there exists K > 0 such that for all /ig > 0, for any 
a,h,c > 0 such that there the following estimates hold 

b < C 2 C, a < c, and a < H-c, for all pL > piQ, 
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we have 


a<- - .a C, with Di = {2Ci)°‘max {K,^iQ} , 

log (f + 1) 

and 

c < b, with D 2 = d\^°‘= 2Ci max . 

Proof. Dividing all inequalities by c, setting y = afc and x = b/c, it suffices to prove 

_^ 

log (i + 

Note that the second implication is straightforward since the second assertion is equivalent to ^ < 
eV » 1 — 1. To prove the first implication, we set 


X <C 2 , y <1, 


y < + y “for all y > yo 


y < 




— £ e 

X 


(^) 


1/0 


Kx) ■■= ^ log 


+ 1 


so that + = (1 + Denoting now C 3 = Ca (Ci, C 2 , a) = sup,,,<^ 2 (l + 

2 ,)i/ 2 ^i/ 2 ^( 2 ,)a ^ + 00 , we have . As a consequence, if y{x) > yo, then we have y < 


which is the sought estimate. 


v{ 


tJ.(x 


If now y{x) < yo, that is 2 ^^°s(y + l) ^ MOi we have 1 < Then, the assump¬ 


tion y < 1 directly implies y < 
{2Ci)°‘ max {C 3 -|- 1, y^}- 


2Cifio 


This concludes the proof of the lemma for Di = 

□ 


B Elementary complex analysis 

We recall that we identify C and with z = x + iy = {x,y) and denote 


Qi = {z G C,Re(z) > 0,lm(z) > 0}. 


Lemma B.l. Let fo, f\ € such that |/o(a^)|, \ fi{x)\ < C for some C > 0 and almost all x € K"*". 

Then, the function defined for {x,y) G Qi by 


fix y) = ^r __ df + 

^ Jo Hx-fY + y^x + fY + y^) ^ 

satisfies \ fiz)\ < 2(7(1 -|- | 2 :|) in Qi \ (0,0) together with 
A/ = 0 inQi, /(x, 0) =/o(x). 
If moreover, /o(0) = /i(0), then f is continuous on Q^. 



_ vfiiv) _ 

(x^ + iy + r7)2)(x2 + iy - yY) 


dy (B.l) 


fi0,y) = fiiy), x,yGR'^. 


Remark that this theorem provides an existence result for the Poisson Problem on Qi associated 
to Lipschitz boundary conditions. The Phragmen-Lindelof theorem B.4 below provides an associated 
uniqueness result in the class of functions having a sub-quadratic growth at infinity. 

The next lemma is a key point in the proof of the local estimate. 


Lemma B.2. Let R>0, d>0, k> 0, e>0 and ci > 0. Then, there exists do = doiS,K,R,£,ci) 
such that for any d < do, there exists fdoid, k, R, £, ci, d), such that for any 0 < /3 < /?o, the following two 
assertions hold: 
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the function 




s ( 3 "^ 

fiiy) = Ry^o,'i){y) + l[^,+oo)( 2 /)niin {Ry,max{-K,-96y,--) + ciy'^ y^' 

is continuous for all 7 < - - —r fin the application 7 = ^ 

the function f then given by Lemma B.l associated to fi and /o = 0 satisfies 

f{x,y)<-86y, for ^ < \{x,y)\ < 2d. 


Proof of Lemma B.l. Let us first justify the form (B.l) of the solution. From the green function Gc{z, z') = 
( 27 r)“^ In jz' — z\ in C, we first construct a Green function in Qi using the so-called “image points” z, —z 
and —z. This yields 


GQi(.z,z') := - z\- - z\ - ^\tl\z' + z\ + ^\a.\z' + zf 


that is, with z = (x,y) and z' = {£,,ri), 

GQ^{ix,y),i^,'n)) := ^^ri{{f-xf + {r]-yf)-^lii{{^-xf + {r] + yf) 

-^1’^ ((^ + + (.v- yf) + ^ In ((C -f xf + {v + yf) . 


For fixed z € Qi, the last three terms are smooth in z' G Qi so that — A^/Gq^ (z, z') = 6 z'=z- Moreover, 
for z' = (^,77) G dQi, either ^ = 0 or 77 = 0 so that Gq^ = 0 for z' G Qi. 

Now we compute 


OGq^ I _ Axy 

df ^^=0 TT 

5 Gqi I ^ 4 X 7 / 

dr] TT 


The representation formula for solutions of A/ 


_ V _ 

(x^ -I- (7/ -I- ? 7 ) 2 )(x 2 + {y - 77)2) ’ 

_e_ 

((X - f f + 7/2)((x -h f f + 7/2) ■ 

= 0 in Qi and f\dQi = f writes 


f{z) 


IdQ 


QGq, 
1 dl^dQi 


{z,z')\z'(zdQj{z')dz', 


which justifies (B.l). 

Let us now estimate for (x,7/) G Q\ the term 


4x7/ 

TT 



_ vfiiv) _ 

(x2 + {y + 77)2)(x2 + {y - yY) 


dr] 


^ 4a^ _ 77G(l-f77) _ 

TT io (x2 -h (7/-f 77)2 )(x 2 -h (7/-77)2) 

< G (2/7rarctan(7//x)-f 7/) 

A G {1 + y), 


where we used Lemma B .3 in the second inequality. The other term containing /g can be estimated as 
well in Qi by G (1 -f x) so that 

1/(2:)! < G (2 -h X -f 7/) < 2 G (1 -f |z|), z = {x,y) G Qi. 

That A/ = 0 follows from the definition of Gq^ as a Green function, and it only remains to check the 
boundary values of /. For this, according to the symmetry, it suffices to prove that for all xo, 7 /o > 0 ) we 
have 



with 


vfiiv) 


0 (a;2 + (j/ + ??)2)(a;2 + (j/-?7)2) 


{Tfi){x,y) :=^ f 

^ Jo 

Since f[ G L°°(IR+), we have 

\fi{ri)\<\fim+v\\f[\\L^- 

Hence, according to the definition of T, we obtain 

l(r/i)|<|/i(0)|r(i) + |!/(|U=oT(,7). 


dy. 


(B.3) 


Using Lemma B.3, this implies 

\{Tfi){x,y)\ < |/i(0)|2/7rarctan(j//a:) + ||/(||L~y, 

and thus {Tfi){x,y) —)■ 0 as {x,y) ^ (a^O 7 0), which yields the first part of (B.2). 

To prove the second part of (B.2), we write 

Ifiin) - fiiyo)\ < I»7-2/oIII/(I|l~- 

This implies 

\Tfi{x,y) - 2/7rarctan(?//a;)/i(yo)| = \Tfi - T{fi{yo))\ < ||/(|U~r(|?7 - i/o|)- (B.4) 


We now study the term 


T{\r] - yo\){x,y) 


4a; 77 

pOO 


0 

TT 

Jo 

(x 2 + (77 + 77 ) 2 )(x 2 + (77 - 77 ) 2 ) 

4a; 77 

ryo 


1 

0 

TT 

Jo 

(x 2 + (77 + 77 ) 2 )(x 2 + (77 - 77 ) 2 ) 

4x77 

1^00 

viv - yo) 


dr] 

dy 


-dy 


, 4xy _ y{yo - y) _ 

tt io (a;2 + (y + 77)2)(a;2 + (y-77)2) 


dy 


+ 


Axy 


viv - yo) 


Jo (a;2 + (y + 77)2)(a:2 + (y-77)2) 

Axy viyo-v) 


dy 


7 !" Jo (a;2 + (7/ + 77)2)(a;2 + (7/-77)2) 


dy + T{y-yo){x,y). 


With Lemma B.3, we have T{y — yQ){x,y) = y — 2/ tt a.TCtan{y /x)yo —)■ 0 as {x,y) — )■ (0,7/o)- Moreover, we 
have 


viyo - v) 


1 x(yo - y) 

-dy= - 


xiyo - v) 


dxy 

TT Jo (a;2 + (77 + 77)2)(x2 + (7/-?7)2)“'' tt x'^ + {y + y)'^ ' a;2 + (7/- 77)2 

x{vo-v) 

Jo x^ + (y+?]) 


dy 


(see the proof of Lemma B.3). The term dy vanishes when {x,y) —)■ (0,7/o)- Concerning the 

second term, we have 


1 x{yo - 77 ) ^ 

77 io a ;2 + (77 - 77)2 ^ TT 


1 ^ ds 

- ' , (yo-y-^^)T^o 

—y/x -L T o 


yo-y 


arctan 


yo-y 

X 


(!) 


arctan ( — | In 


27r 


+ {yo - yf 

a ;2 + 772 


which vanishes when {x,y) —> (O,77o)- The last three estimate prove r(|77 — 77o|)(a;, 77 ) —> 0 as {x,y) -G ( 0 , 770 ). 
In view of (B.4), this implies 


lim |T/i(a;,y) - 2/7r arctan(y/a;)/i(77o)| = 0 

(a:.y)-7(0,yo) 
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which is the second part of (B. 2 ). 

For the continuity, by symmetry and translation by a constant, it is sufficient to prove that if /i(0) = 0, 
then Tfi{x,y) converges to zero as {x,y) converges to zero. This is implied by (B.3). This concludes the 
proof of the Lemma. □ 


Proof of Lemma B. 2. Let us define 






S K ^/e 

mm , —^, —= 

4ci’9(5’3v^; 


and notice that 7/3 yf 0 for /? < j3(j with /3o = /?o (<5, k, ci, e) sufficiently small. We first prove that for all 
7 < we have 


and 


!\{v) 


-96y + cij/^ + 


fP 

y 


on Ip, 


(B.5) 


h c {/i < -S5y}, 


(B. 6 ) 


and, a fortiori for 7 < -^—r < P\/^US- 

- {R+9S)h - V / 

For this, notice that y € Ip implies y < 5/{Aci) and y > which yields 

5y^ o (5 2 n 2 
—^ +ci 2 /^ < --y^ < -P^. 

As a consequence. 


P^ 


P^ 


—y + ciy^ H-<0, and hence — 95y + ciy^ H-< —8.5(5y < 0 < Ry. 

2 2 / y 


(B.7) 


In particular, (B.5) implies (B.6). Moreover, for y G Ip, we have —k < —9Sy together with < —9Sy, 

so that max(—K, —96y, ~|) = —9Sy. This proves (B.5) with the help of (B.7). 

Let us now check the continuity of /i. First remark that both Ry and min {Ry, max(— k, —96y, + 

Ci2/^ continuous. Second, we prove that both functions coincide for y < j which provides the 

continuity of fi. For 0 < y < 7 < ^ , we have {96 + R — Ciy)y^ < /?^ and we obtain Ry < —9Sy + 

ciy'^ + P^. For /3 < /3o we have Ip that y < Py^-ijS < min(^, and max(— k, —9Sy,—^) = —9Sy 

for y < As a consequence, we have 


£ ^32 

Ry = min | Ry, max(— k, —9Sy, —) + ciy^ H-1, for 0 < y < 7 , 

yy 

and fi is continuous for all P < Po and 7 < -—r. 

(i?+ 9 ( 5 ) 2 

Since fi is continuous and globally Lipschitz, it satisfies all assumptions of lemma (B.l) (and fo = 0), 
so that we can define / by 


f{x,y) = 


Axy 


vfiiv) 


TT Jo {x"^ + iy + v)'^){x'^ + (y - v)"^) 


dr] 


Setting / = / + 8.5Sy, we now prove an upper bound for /. Using the second formula of Lemma B.3, we 
have 


4a:y 


f{x,y) = 


7(/i(7) + 8.5(5?7) 


'x Jo {x^ + {y + r])‘^){x^ + {y - r])"^) 
Ixy f 


dr] 




, , 4:xy 
■ dr] H- 

TT 


■ drj. 
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According to (B. 6 ), we have 


4xy f + 8.5Sr]) 

TT i/g (a;2 + (j/ +77)2) (a;2 + (j/- 7^)2) 


drj < 0 . 


(B.8) 


Next, for small /3, we have M+ \ //3 = [0,-D/ 3 ] U [£),+oo], with := < D := min(^, ^^)- 

Since fi{y) < Ry, we have 


4x7/ 


< 


(i? +8.55)7/2 


n 


4^ r _ 

TT Jd + (y + y)^)ix‘^ + (y - y)^) 


dy. 


If 0 < 7/ < 0/2 and y > D, we have {y — 77)2 > (77 — D jldf' and (7/ + 77)2 > rf, so we estimate 


4 x 7 / 

TT 


< 


16xy (i? + 8 . 55 ) 7/2 


dy = C{S, K, R, £, ci)xy 


Jd 77 ^( 7 /- D/ 2)2 

So, if X < I'D and y < D/2, this implies 

pOO 

/ ■ ■ ■ < vC{5, k,R,£,ci)D{ 5, K,£,ci)y < 6y/A 

Jd 


4 x 7 / 

77 Jd 


(B.9) 


as soon as v < Now we fix 2do := 2do{S, k, R, £,ci) = mm{i'D, D/2}. For any d < do, we have (B.9) 
for all (x,7/) such that \{x,y)\ < 2d. 

Finally, we study the term 4^ . ■. dy. For /3 sufficiently small (namely fJ < ^^), we have ^ — D^> 

I (recall that D^ = jd^/dJS). As a consequence, for (x, y) such that f < \{x,y)\ < 2d, and for all 77 € [0, D/ 3 ], 
the triangle inequality yields 

(x^ + (7/ + 77 ) 2 ) > (| - Dpf > (x 2 + (7/ - 77 ) 2 ) > (^ - Di 3 f > 


Still using that fi{y) < Ry, we have 


4 x 7 / 

TT 


f77/3 


< 


4 x 7 / {R + 8 . 55 ) 7/2 

77 Jo (a:2 + (7/ + 77)2)(x2 + (7/- 77)2) 
4 g_D,3 


dr/ 


< — (A + 8.55) f \^dy 

77 V«/ ^ 

TT \^Ci J o 

< C'iR,S,d)/3^y 


/ . \l/3 

Now, for all /? < ( 4 C'(fl Sd) } ^his is less than 6 y/A 

Thi 
that is 


This together with (B. 8 ) and (B.9) implies that f{x,y) < Sy/2 for {x,y) such that | < |(x, 7 /)| < 2d, 


f{x,y)<-8 Sy, for ^ < |(x, 7 /)| < 2 d. 

This concludes the proof of the lemma. □ 

Lemma B.3. For all x,y > 0, we have 

4^xy f°° 77 , , , , 

- / 7 2,7 I — 3237 2 i 7 - ^d?/ = 2/7rarctan(7//x) 

77 Jo (a :2 + ( 7 / + 77 ) 2 )(x 2 + ( 7 / - 77 ) 2 ) 

Jxy _ y^ _ , ^ 

77 Jo (a;2 + (7/ + ?7)2)(x2 + (7/-77)2) ^ 
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Proof of Lemma B.3. First notice that 


4xyr] 


(x^ + (y + ■y)^)(x^ + (y ~ v)^) x^ + (y + rff x"^ + {y — rj)'^ 


Hence, we obtain 

fN 

Axy 


0 (a;2 + (y + 77)2)(x2 + (y-r7)2) 


since x,y > 0. 

Concerning the second equation, we have 




Axyrf 


lo (x"^ + (y + + {y - v)'^) 


rN 


dr] = 


+ 


a ;2 + (y + r /)2 + (y — rf) 


r{N+y)/x 2 ^ 


rv/^ 


zds 


^dr] 

1 


/ {y-N)/x 


Jy jx 1 H“ S 

— arctan((A^ + y)/x)) + axcia,n{y/x) 
+ arctan(?//a;) — arctan((?/ — N)/x)) 
2 arctan(y/x), as iV —)• oo. 


zds 


rN 


dr] = 


XT] 


XT] 


x^ + {y + 77)2 a ;2 + (y — 77 ) 


rN 


XT] 


l-N a;2 + (77 + 77)2 
rN+y 


di] = — 


fN+y 


fN+y 


2^77 

c{s-y) 


l-N+y 


p 2 _i_ q 2 


ds 


rN+y 


Since the integrand is an odd function, we have ^ 2 _^_g 2 

as N —>■ 00 . Moreover, we have 


ds= 


-N-\-y 

— N +y j^g 

N—y 


a;2 + s2 

^2 _i_ q2 


ds 


l-N+y 

xy 


zds. 


ds which converges to zero 


rN-y 


l-N-y 


xy 


a;2 + s2 


ds = y 


r(N-y)/x 


' {-N-y)/x 


1 


1 + S' 


rds —)■ Try, as N ^ 00 , 


which concludes the proof of the lemma. 


□ 


The following is a version of the Phragmen Lindelof principle for subharmonic functions in a sector of 
the complex plane. We prove it as a consequence of the maximum principle for subharmonic functions in 
bounded domains. Note that the usual Phragmen Lindelof theorem (see [PL08] or [SS03, Theorem 3.4]) 
can be deduced from this one. 

Lemma B.4. Let (f he a subharmonic function in Qi, continuous in Qi. Assume that there exist e > 0 
and C > 0 such that 


<P{z)<C{l + \z\^-^), zGQi, (B.IO) 

4'{z)<0, 0 G = M+U 7 M+. (B.ll) 


Then (f>{z) < 0 for all z € Qi- 

Note that the power 2 — e with £ > 0 is sharp: the result is false for £ = 0, as showed by the harmonic 
function (x, y) 1 —>■ xy. 

Proof. First note that the sector Qi can be rotated, say to quadrant 

Q = {z€ C,arg(z) G 
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We set V := Re(z^ 2 ) (with the principal determination of the logarithm) which is harmonic in Q. We 
have v{r, 0) := r'^~i cos((2 — e/2)0) > cos((2 — £/2)7r/4) with cos((2 — £:/2)7r/4) > 0. Let 

U 5 {z) = ^(z) - 5v{z), 

which is also subharmonic in Q. We have limsupj,gQ \z\^oo'^i^) — ~oo. As a consequence, there exists 
R> 0 such that us{z) < 0 on {|z| > R} Cl Q. Now, on the bounded set = Q n {|z| < R}, we apply the 
maximum principle to the function us, satisfying < 0 on dQ^. This yields < 0 on and hence 
Wi < 0 on Q. Finally letting 6 tend to zero, we obtain the sought result. □ 
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